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Referat:
Die vorliegende Arbeit beschäigt sich mit der theoretischen Beschreibung der
komplexen physikalischen Eigenschaen von Netzwerken semiexibler Polyme-
re. Ausgehend vom mathematischen Modell eines semiexiblen Polymers, der
,,wurmartigen Kette“ (wormlike chain), werden zwei wesentlich neue Konzepte zur
Beschreibung dieses ungeordneten Materialzustands eingeführt. Einerseits wird
das experimentell beobachtete, glasähnliche Fließen solcher Materialien durch das
phänomenologische Modell eines semiexiblen Polymers mit verallgemeinerter
Reibung beschrieben, welche den Gesamteekt der physikalischen oder auch chemi-
schen Wechselwirkungen der Polymere untereinander widerspiegelt. Andererseits
wird das bestehende Konzept der durch seine Nachbar lamente erzeugten röhren-
förmigen Einsperrung eines Filaments erweitert und die experimentell nachgewie-
sene, räumlich veränderliche Struktur der Röhre erklärt. Die erzielten Ergebnisse
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e remarkable mechanical properties of living cells and tissues are largely attributed to the
cytoskeleton, a network of semiexible  bers. In this work, we study the physical properties of
reconstituted cytoskeletal networks theoretically.
e approach is based on the mathematical minimal model of a semiexible polymer, the
wormlike chain (WLC). It parametrizes the chain as a  nitely extensible, dierentiable space
curve with a curvature energy. In the  rst chapter, salient features of the WLC model are
summarized, including its response to transverse and longitudinal forces and its non-equilibrium
properties. Pursuing a bottom-up approach to cell mechanics, we characterize reconstituted
networks of semiexible polymers by their rheological properties, which are explained by
microscopic models based on the WLC. In particular, the tube model of entangled solutions
and the ane network model of crosslinked networks are discussed.
In the second chapter, a minimal model for the slow dynamics in sti polymer solutions is
introduced, the “glassy wormlike chain” (GWLC). Via a phenomenological ansatz, it describes
the complicated interactions of a test polymer with its surroundings in terms of a “rugged
energy landscape”. e height of eective energy barriers enters the relaxation times of an
ordinary WLC, which are exponentially stretched for modes with corresponding wavelengths
longer than a characteristic interaction length. e ensuing mean squared displacement and
the dynamic structure factor of a GWLC exhibit slow logarithmic dynamics, and its linear
viscoelastic moduli are characterized by (near) power-law rheology. In the nonlinear response,
a continuous transition from shear soening to stiening is observed. e model is compared
to experimental data for in-vitro actin solutions and cells.
e third chapter proposes a microscopic liquid state theory of entangled solutions of sti
polymers in terms of a “segment uid”, with the aim to further establish the tube model micro-
scopically and to explain experimental observations of tube heterogeneities. is systematic
approach to the complicated many-body problem generalizes the prevailing mean- eld tube
theory by introducing a local version of the binary collision approximation (BCA). In the theory,
the polymer solution is mapped onto a uid of entanglement segments interacting via an eective
topological pair potential. e local packing structure of this segment uid is found to provide
a faithful representation of the spatial microstructure of the polymer solution, and renders it
accessible to an analytical description. In particular, the predicted tube radius distribution is





Indeed, the vista of the biochemist is one with an in nite horizon. And yet, this
program of explaining the simple through the complex smacks suspiciously of the
program of explaining atoms in terms of complex mechanical models.
Max Delbrück
1.1 Introduction
e paradigm of physics has always been the understanding of complex systems through the
study of minimal models that capture their underlying universal principles. is reduction-
ist approach is challenged by the vast complexity of life and the accumulating knowledge in
molecular biology. Biological sciences have always laid an emphasis on diversity rather than
simplicity and universality, and rightly so – diversity is a sine qua non of evolutionary robustness
and adaptability [1]. Bearing this tension in mind, the insight that cellular functions can be
attributed to functional modules as a higher level of biological organization [2] oers a new
perspective toward a possible uni cation of the two seemingly contradictory paradigms. is
has stimulated the emergence of “bottom-up approaches” [3–5], aiming at the reconstitution of
functional modules of cell biology in-vitro. e reconstitution of a simpli ed biological system
with a reduced number of components reveals how evolved biological systems work, provides
insight into how new biological functions could be engineered and depends on a detailed level
of physical understanding.
Cellular mechanics represents an important example for the application of this idea [7–9].
e bottom-up approach to cell mechanics has revealed the basic mechanisms underlying
the complex mechanical behavior of the eukaryotic cytoskeleton (Fig. 1.1, top) by reconstitut-
ing self-assembling networks of biopolymers in-vitro, in an attempt to balance the seemingly
contradictory demands for simplicity and complexity (Fig. 1.1, middle) [3].
In this introductory chapter, we adopt the coarse-graining approach of polymer physics and
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Figure 1.1: Bottom-up approach to cell mechanics. Top: Schematic view of the cytoskeleton of the eukaryotic
cell, showing microtubules (green), actin stress  bers and networks of the cortex and lamellipodium (red), and
intermediate  laments (blue). Middle: A reconstituted actin network crosslinked by actin-binding proteins.
Bottom: A single semiexible  lament described by a mathematical minimal model, the wormlike chain. Figures
reprinted with permission from Ref. [6].
2
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examine how far it takes us in the task of understanding the functional modules responsible
for cellular mechanics. Starting from a minimal model for single semiexible polymers, we
discuss theoretical descriptions of their complex networks. It turns out that on this basis
many crucial features found in experimental studies of cellular mechanics can be understood
qualitatively if not quantitatively. Semiexible polymers are characterized by their persistence
length lp, which is a mesoscopic length scale that is much larger than the microscopic monomer
length. It indicates the backbone length over which thermal uctuations bend the polymer
signi cantly, and microscopically, it arises from the backbone’s  nite bending stiness, as
described mathematically by the wormlike chain (WLC) model (Fig. 1.1, bottom).
Double-stranded DNA is a prototypical semiexible polymer [10] with a persistence length of
lp ≈ 50 nm that has been measured by force spectroscopy experiments on single molecules. e
protein machinery for transcription and replication of DNA is highly adapted to the mechanical
stiness of DNA. Also, mechanical bending energy is required to wind DNA into a tightly
packed conformation in the nucleosome.
As another important example, the semiexible protein  laments of the cytoskeleton provide
the structural basis of cellular mechanics. e cytoskeleton of the eukaryotic cell consists of
three major classes of semiexible  laments: microtubules, F-actin and intermediate  laments
(see Fig. 1.1, top). In the cell, these  laments form self-assembling networks.
Microtubules are the most rigid of the cytoskeletal polymers with persistence lengths on the
order of millimeters. ey are capable of bearing signi cant compressive loads. Microtubules
form a star-like network that spans the cell, allowing them to act as rails for intracellular
transport. During cell division, this network transforms into a bipolar structure (the mitotic
spindle) separating the DNA into two identical sets.
e second protein,  lamentous actin is a biopolymer with lp ≈ 10µm [11] assembled from
globular (G)-actin monomers, which are of macromolecular size themselves. e actin cortex
is a thin, membrane-bound F-actin network that is employed to maintain and transform the
cell’s shape. Lamellipodia,  lopodia and microvilli are actin-rich structures, and polymerization-
dependent forces push these cellular protrusions out of the cell. In muscles, actin provides tracks
along which myosin motors walk to generate contractibility.
e third type of cytoskeletal polymers, rope-like intermediate  laments, comprises a group
of dierent biopolymer families, which are relatively exible (lp ≈ 1µm) [12, 13] and much
less is known about their role in cell mechanics than for actin  laments and microtubules.
Intermediate  laments lend mechanical support to the nuclear envelope. In the cytoplasm, a
network of intermediate  laments helps the cell to resist shear stress. In the cell, all three types of
protein networks intertwine and interact. For example, the buckling resistance of microtubules is
enhanced by the lateral constraints provided by the surrounding actin and intermediate  lament
meshworks [14], providing a natural paradigm for  ber-reinforced materials, which are also
very popular in engineering.
In the remainder of this chapter, we review the WLC model and its properties in thermal
equilibrium, and we infer salient predictions for the dynamics of single semiexible polymers
(Sec. 1.2). Recent results for their non-equilibrium dynamic response to stretching forces are
briey summarized. Subsequently, we address biopolymer networks in-vivo and in-vitro and we
review experimental results that were obtained using the bottom-up approach to cell mechanics
(Sec. 1.3). Finally, we discuss theories of entangled solutions and crosslinked networks, in
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particular the tube (Sec. 1.4) and the ane network model (Sec. 1.5).
1.2 Fluctuations and response of wormlike chains
e wormlike chain (WLC) is the mathematical minimal model of a semiexible polymer.
Historically, the concept of a semiexible polymer that bends only on scales much larger than the
monomer size has been introduced to explain scattering experiments on thread-like molecules
[15]. e description of a semiexible polymer as a  nitely extensible, dierentiable space curve
with a curvature energy in the framework of statistical mechanics has been proposed by Saitô
et al [16]. It has become a standard model of polymer physics [17, 18], and, in the context
of biopolymers, it has been useful for the analysis of dynamic light scattering data of F-actin
solutions [19, 20]. It also explains force spectroscopy experiments on DNA [10, 21], using an
analytical interpolation formula for the non-linear force-extension relation of a WLC proposed
by Marko and Siggia [22], which is commonly applied in the interpretation of single-molecule
experiments [23]. Moreover, the WLC enters theories for polymers in con nement [24–29],
under the application of forces [30–33], compressive load [34, 35], under shear [36, 37] or in
ow  elds [38, 39], for their bundles [40] or rings [41, 42]. e WLC model has been used to
characterize a wide range of other biological macromolecules besides DNA and cytoskeletal
polymers, including muscle proteins [43], RNA [44] or polysaccharides [45].
In the following, we  rst concentrate on the uctuations of single wormlike chains and their
response to a stretching force, then we discuss the equilibrium and non-equilibrium dynamics.
1.2.1 Equilibrium properties of the WLC
1.2.1.1 De nition and basic properties
e WLC model represents the semiexible polymer of contour length L by a dierentiable





ds [r′′(s)]2 , (1.1)
where κ denotes the bending rigidity, together with the (local) constraint of inextensibility,
|r′(s)| = 1. (1.2)
ermal averages are de ned with respect to this Hamiltonian via a functional integral
〈. . . 〉 ≡
∫
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is the statistical weight associated with the WLC Hamiltonian. e persistence length lp =
κ/kBT (in d = 3) emerges as the correlation length of the exponential decay of contour tangents








with t(s) ≡ r′(s). Eq. (1.3) follows from the formal equivalence between the statistical weight
Ψ[r(s)] of a WLC conformation, expressed in terms of the tangent orientation t(s), and the
Wiener measure for diusion on the surface of the unit sphere |t| = 1 [18, 46]. As a direct
consequence of the tangent-tangent correlations, the mean-square end-to-end distance 〈R2〉 of
a WLC approaches the following asymptotic limiting cases, depending on the ratio of L to lp:
〈R2〉 →
{
L2 lp  L (rigid rod)
2lpL lp  L (exible polymer).
us, the persistence length demarcates the cross-over from rigid rod behavior on short scales
to exible phantom chain (or random walk) behavior on large scales, where the eective step
size or “Kuhn length” is 2lp.
1.2.1.2 Transverse uctuations - the weakly bending rod
In many applications, semiexible polymers are almost straight over the length scales of interest,
either because of their intrinsic stiness or because they are stretched by external forces. us,
loops and overhangs of the contour are unlikely. In the weakly-bending rod (WBR) approxima-
tion the contour is parametrized by two-dimensional excursions r⊥(s) transverse to a preferred
axis lying along the longitudinal or ‖-direction (as shown in Fig. 1.1, bottom),
r(s) = [r⊥(s), s− r‖(s)].
Here, s− r‖(s) is the coordinate along the preferred axis, and the quantity r‖(s) with r′‖(s) 1
is called the projected (or stored) length, referring to the contour length stored in the transverse








to leading order in the small transverse components r′⊥ of the contour tangent.
For a WBR, the exponential decay of the tangent correlations of a free WLC noted in Eq. (1.3)
amounts to a diusive growth of the mean-square displacement (MSD) of the transverse tangent
vector as a function of the arc length separation, 〈[(r′⊥(s) − r′⊥(0)]2〉 = 2|s|/lp. For a WLC
graed at one end (s = 0) with r⊥(0) = r′⊥(0) = 0, the mean square transverse uctuations





which can be interpreted as a roughness relation for the (asymptotically) self-ane contour


















































































Figure 1.2: Isotropic radial distribution function for a WLC of dierent lp/L = 0.1, 0.2, 0.5, 1, 2 from left to right.
Shown is the asymptotic formula Eq. (1.6) (dashed lines) and the Daniels approximation [17, 47] (solid line),
compared with Monte Carlo simulation data (from [48] for lp/L = 0.1, 0.2 and kindly provided by Sebastian
Schöbl for lp/L = 0.5, 1, 2; symbols). Adapted with permission from Ref. [6].
1.2.1.3 Asymptotic distribution of end-to-end distances
An important quantity distinguishing a sti polymer from a exible one is the probability
distribution P (r) ≡ 〈δ[r−R]〉 of the end-to-end-vector R ≡ r(L)− r(0). For exible chains
such as the freely-jointed chain, it is exactly known and for many purposes can be approximated
by a Gaussian centered around r = 0 [17]. Sti polymers are markedly dierent, since their
distribution P (r) exhibits a peak near full extension. We quote here the exact asymptotic result
for the P (r) of a WBR from Ref. [48].
















is is the leading term of an in nite series for P (r) and it is valid near full extension, i.e. for
1− r/L L/lp. e radial distribution function, obtained from P (r) by multiplying with an
additional measure factor 4pir2 in three dimensions, is compared with Monte-Carlo data for a
WLC in Fig. 1.2 for several values of lp/L.
1.2.1.4 WLC under a strong stretching force
We discuss the nonlinear response of the WLC to a strong stretching force f acting at the ends.
In the WBR parametrization, the Hamiltonian of a chain stretched by the force f reads














where the last termHext is the work done by the external stretching force f , which is calculated
from Hext ≡ −f R = fr‖(L) + const. using the approximate local arc length constraint,
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Eq. (1.4).
Using scaling arguments, we infer the asymptotic force-extension relation for the WLC. First
we observe the occurrence of a characteristic length scale `f ≡
√
κ/f , which is obtained by
equating the two contributions to the Hamiltonian, Eq. (1.7). It is interpreted as the length of
unperturbed chain sections or “blobs” with stored length r‖(`f ) ' `2f/lp. For strong stretching
forces, the chain may thus be viewed as a taut string of a number L/`f of these subsections, and












e exact asymptotic result for this force-extension relation includes a prefactor of 1/2 [22, 49]
and has been veri ed with great precision in single-molecule experiments on DNA [10, 21].
1.2.2 Dynamics of the WLC
1.2.2.1 Equation of motion of the WBR and the uctuation-dissipation theorem
We formulate the linearized Langevin equations of motion of an overdamped WLC in a viscous
solvent. ey can be derived from the Hamiltonian of a WLC [Eq. (1.1)] and the local arc length
constraint [Eq. (1.2)]. e latter is taken into account by a Lagrange multiplier term [50], such
that the total Hamiltonian reads




ds f(s, t) [r′(s)]2 ,
and the elastic force follows as fel = −δH/δr. e Lagrange multiplier f(s, t) has the physical
interpretation of a local backbone tension.e friction force per unit length fvisc = −ζr˙ is in
the free-draining approximation mediated by a friction tensor
ζ ≡ [ζ⊥(1− r′ ⊗ r′) + ζ‖r′ ⊗ r′],
that reects the anisotropic hydrodynamic interactions to leading order, using two distinct
friction coecients for the longitudinal and transverse motion, ζ‖ and ζ⊥ [18]. We indicate
contour length and time derivatives by primes and dots, respectively. Improved approximations
for the viscous drag lead to logarithmic corrections to the linearized dynamics of a WBR [51,52].
e external and the stochastic thermal forces are denoted by g and ξ. en, the linearized
projected Langevin equations of motion follow from a balance of forces fvisc + fel + g + ξ = 0
as
ζ⊥r˙⊥ = −κr′′′′⊥ + fr′′⊥ + g⊥ + ξ⊥,
f ′ = g‖.
(1.9)
In order to arrive at Eq. (1.9), we expanded the equations to linear order in r⊥ using Eq. (1.2) [53].
We also approximated f ≈ const. in the WBR-limit. Its leading (s, t)-dependence is, however,
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accessible via a dedicated perturbation scheme (see Sec. 1.2.2.3 below). e equations are
completed by the correlations of the Gaussian distributed stochastic force density ξ,
〈ξ⊥,i(s, t)〉 = 0,
〈ξ⊥,i(s, t)ξ⊥,j(s′, t′)〉 = 2kBTζ⊥,ijδ(t− t′)δ(s− s′).








〈ri(s, t− t′)rj(s′, 0)〉 (FDT). (1.10)
which establishes a relation between the linear response of the chain 〈r(s, t)〉g and its equilibrium
conformational correlations.
1.2.2.2 Linear response of a WBR to a transverse force
In this section, we discuss the linear dynamic response of a WBR to a transverse step force
G⊥, acting for times t > 0 at s = s0. We consider a force density g⊥(s, t) = G⊥δ(s− s0)θ(t)
with f = 0. It causes a growing indentation of width `⊥(t) and depth 〈r⊥(s0, t)〉g⊥ , both of
which are determined. e width `⊥(t) is inferred from the thermally averaged Eq. (1.9), which
reads ζ⊥r⊥/t ' κr⊥/`4⊥(t) on the scaling level for s 6= s0, yielding `⊥(t) ' (κt/ζ⊥)1/4. To
estimate 〈r⊥〉g⊥ , we carry out the ensemble average of Eq. (1.9) again and integrate over the
spatial coordinate s, which gives
ζ⊥`⊥(t)〈r˙⊥〉g⊥ = G⊥. (1.11)
e dynamics can therefore be understood in terms of a Stokes formula with a friction coecient
ζ⊥(t) = ζ⊥`⊥(t) that grows with time, corresponding to increasing length `⊥(t) of the subsection








Via the FDT, Eq. (1.10), the transverse linear response translates into a dynamic MSD that grows
sub-diusively with time, δr2⊥(t) ∝ t3/4. e assumption made above of a purely transverse
friction, implied by the linearized Eq. (1.9), ceases to hold when further growth of the transverse
indentation 〈r⊥〉g⊥ requires additional contour length to be pulled from the tails of the WBR
against longitudinal friction. us transverse motion couples to longitudinal motion via a
growing tension f , and slows down at (suciently) long times [55].
1.2.2.3 WBR under tension
e longitudinal dynamic response of a WBR to a stretching force G‖ = f acting on the
ends for t > 0 can analogously be inferred from scaling arguments. On the scaling level, the
averaged Eq. (1.9) leads to ζ⊥/t ' κ/`4⊥(t) + f/`2⊥(t), which implies `⊥(t) ' (κt/ζ⊥)1/4 for
t  tf ≡ κζ⊥/f 2 and `⊥(t) ' (ft/ζ⊥)1/2 for t  tf . e distinction between short and
long times t ≶ tf is equivalent to the one between weak and strong forces, f ≶ (κζ⊥/t)1/2.
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e former, that is, linear response may be calculated from the corresponding longitudinal
uctuations using the FDT. e result is that both quantities scale with time as t3/4 [51, 56],
similar to the transverse response (see Sec. 1.2.2.2). e long-time longitudinal response is
estimated by observing that the chain consists of L/`⊥(t) subsections of length `⊥(t), which,
by de nition, have equilibrated at time t, i.e. they have been pulled essentially straight by the
external force. is condition implies that their elongation is equal to their initial equilibrium
contraction r‖(`⊥) ' `2⊥(t)/lp (see Sec. 1.2.1.2), but with the opposite sign. e total change in
end-to-end distance of the polymer follows as








for `⊥(t) L. is quantity saturates at its equilibrium value r‖(L)− r‖,f (L) (see Sec. 1.2.1.4)
when `⊥(t) ' L.
1.2.2.4 Tension propagation
In the above discussion we tacitly assumed that transverse friction provides the dominant mech-
anism in the dynamic response of a  lament that is pulled in the perpendicular or longitudinal
direction. However, if one also considers that longitudinal friction is generated along the whole
 lament length L, the corresponding drag force ζ‖L∆R˙ would exceed the external driving
force f for times t . t? ' ζ2‖L4/ζ⊥l2pf [32, 56, 57]. is apparent contradiction indicates the
breakdown of Eq. (1.12) at short times. It is avoided by considering that longitudinal friction is
only generated inside a boundary layer of width `‖(t) growing with time, where the polymer
contour is set into longitudinal motion.
A systematic analysis of this phenomenon of tension propagation builds on the strong separa-
tion of length scales `‖(t) `⊥(t) [33, 53, 58]. Via a (stochastic) multiple scale perturbation
theory one can establish a coarse-grained deterministic theory for the polymer dynamics under
strong tension. e spatially varying deterministic tension f(s, t) is extracted by averaging
over the transverse thermal uctuations on short length scales. e practically relevant case of
pulling on a pre-stressed [59] or even pre-straightened [60] polymer, such as a polymer held in
an optical trap, has been shown to lead to new dynamic regimes and to sensitively depend on the
initial conditions. e role of tension propagation has also been investigated for the rheology of
dilute solutions of WLCs [61–64].
1.3 Cells and gels
1.3.1 The bottom-up strategy and basic mechanics of the actin cytoskeleton
In this section, we review recent progress in the study of reconstituted polymer networks as
simpli ed model systems for the living cell’s cytoskeleton, highlighting analogies (and dierences)
between both. We focus on the material properties [67, 68], and we thus evaluate the usefulness
of the bottom-up approach to cell mechanics [3] by considering speci c examples of the linear
and nonlinear rheology of cells and gels.
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Figure 1.3: Cells probed by common experimental methods, after Refs. [65] and [66]. Reprinted with permission
from Ref. [6].
e mechanical properties of cells are considerably inuenced by the cell cortex, which is
a thin membrane-bound F-actin network capable of bearing substantial load [69]. ey can
be tested by a multitude of rheological techniques that have been developed to characterize
the response of the cell to mechanical perturbations [66] (see Fig. 1.3). One may distinguish
between passive and active techniques, which correspond to observing the spontaneous motion
of embedded tracer particles, or to probing their displacement in response to an applied force,
respectively. Only in equilibrium materials do these methods yield the same results, which is in
general not the case in cells (see Sec. 1.3.5 below). e linear mechanical behavior of the cell is
characterized by the frequency-dependent complex shear modulus G?(ω) = G′(ω) + iG′′(ω).
It can be measured by passive methods under suitable conditions e.g. of ATP-depletion [70, 71],
or by active methods. Cells are viscoelastic materials [68], i.e. the frequency-dependence of
their modulus G?(ω) is intermediate between that of a solid and a liquid.
1.3.2 Importance of crosslinkers
e shear modulus of reconstituted actin solutions and gels exhibits an elastic plateau G′(ω) ∼
G0 at low frequencies [72,73]. e dierence in magnitude betweenG0 (on the order of≈ 1 Pa)
and the (weakly frequency-dependent) shear modulus G?(ω) of cells (on the order of≈ 1 kPa)
is now understood as a consequence of the dierent network elasticity in the absence or presence
of crosslinkers and tensile stress. Networks of F-actin can be crosslinked using speci c actin-
binding-proteins (ABPs), and increasingly sophisticated studies have demonstrated that the
relative crosslinker concentration, the type of crosslinker and even its molecular details provide
 ne-grained control over elastic and structural properties of the network [73–75]. Network
elasticity is also determined by the exibility of crosslinkers [76]. In addition, the network may
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be set under “prestress”, which can be externally applied (see Sec. 1.3.4 below) or internally
generated, e.g. by molecular motors (see Sec. 1.3.5 below), further increasing the elasticity.
Cells choose between a multitude of dierent and partially redundant ABPs for crosslinking,
but a large number of in-vitro studies concentrate on isolating the physical properties of networks
crosslinked by a single type of molecule. is is justi ed by the fact that the rheological properties
of composite networks containing dierent crosslinkers are largely determined by the crosslinker
type which outnumbers the others [77].
1.3.3 Weak power-law rheology and glassy dynamics
e rheology of cells is well described by a low-frequency shear modulus G?(ω) ∝ ωδ with
a small exponent δ = 0.1 − 0.25. is power-law or scale-free rheology has been observed
over a range of up to three orders of magnitude in frequency [66, 71, 78]. A weak power-law
in the viscoelastic modulus is also the hallmark of the “so glassy rheology” (SGR) model,
which considers a system with an exponential distribution of energy barriers, which is driven by
activated processes described by a generalized “noise temperature” x = 1 + δ [79, 80]. is is
discussed in more detail in Chapter 2. As a consequence, the hypothesis has been formulated
that cells are “so glassy materials” [78].
Weak power-law rheology has also recently been measured in reconstituted actin- lamin
networks [74]. Analogous observations of slow, “glassy” dynamics have been made in actin
solutions. More speci cally, high-precision dynamic light scattering studies have demonstrated
that the dynamic structure factor of entangled actin networks exhibits a logarithmic decay over
several orders of magnitude in time [81]. is is parametrized with high accuracy by the “glassy
wormlike chain” model, which is the subject of Chapter 2.
Common to the above explanations for “glassy dynamics” is a broad distribution of length,
time or energy scales, which is supposed to have its origin in the physics of the sti polymers
and their crosslinkers, rather than in the genuinely biological cell dynamics. erefore, its study
should be possible not only in-vivo, but also in in-vitro reconstituted functional modules.
1.3.4 Nonlinear strain-softening and stiening
e nonlinear rheology of cells diers from that of reconstituted gels at  rst sight. Cells have been
reported to become stier or soer with increasing strain, depending on the applied deformation
protocol, whereas reconstituted gels usually exhibit strain stiening [73,74,83]. More speci cally,
cells under uniaxial loading displayed an elastic stiening response [84,85], but when subjected to
a transient stretch, the opposite response, i.e. uidization and subsequent recovery emerged [82],
as exempli ed in Fig. 1.4 (top). Fluidization of cells and similar observations of viscoplasticity in
the living cell [85] have been suggested to arise from the breaking of cytoskeletal bonds [82, 86].
Recently, a similar phenomenology has also been demonstrated for actin solutions undergoing
a transition from strain soening to stiening [81,87,88] upon changing either the physiological
parameters or the deformation rate (Fig. 1.4, bottom). is has been interpreted as indicative
of a “glass transition” [81] (see also Chapter 2). us, the coexistence of a uidiziation and a
reinforcement response in cells could be seen as analogous to a continuous soening-stiening
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Figure 1.4: Top: Fluidization and recovery of human airway smooth muscle cells after a single transient stretch,
as measured by the normalized stinessG′n for dierent stretch amplitudes. Adapted with permission from
Ref. [82]. Copyright ©2007 by Macmillan Publishers Ltd. Bottom: Temperature-induced transition from strain
softening to stiening in entangled F-actin solutions. The inverse of the normalized creep compliance J as
a function of the applied stress σ is shown for various temperatures from T = 27 − 18◦ C (bottom to top).
Adapted with permission from Ref. [81]. Copyright ©2007 by The National Academy of Sciences of the USA.
12
1.4 Tube model
1.3.5 Towards active materials
e living cell operates far from thermodynamic equilibrium. Many processes in the cell, and in
particular in the cytoskeleton, depend on chemical energy in the form of ATP, which is used
by motor proteins and for the polymerization of cytoskeletal  laments [89]. Active processes
have to be taken into account for the rheology of living cells, and they are signalled by the
breakdown of the uctuation-dissipation theorem (FDT) [70, 90]. In contrast to equilibrium
materials, the linear response function G?(ω) can not be inferred from passive techniques such
as the observation of tracer beads, because of the presence of non-equilibrium uctuations.
e latter can be quanti ed, however, by combining passive and active methods in the same
experiment. By this method, a breakdown of the FDT at frequencies below 10 Hz due to active
motor-induced forces has been demonstrated in actin-myosin gels [91] and similarly in cells [92].
Active processes driven by molecular motors lead to a variety of new and interesting phenomena
in reconstituted systems [91, 93–96].
1.3.6 Relevance of reconstituted systems
In conclusion, reconstituted cytoskeletal systems exhibit many of the salient features of cell
mechanics and they seem ideally suited to further study the intriguing viscoelastic, non-linear
and viscoplastic properties of the living cell. It has been suggested that cell mechanics may be
understood in terms of a small number of “laws” [97]. We have found that biopolymer gels exhibit
mechanical properties of comparable robustness and universality. eir structural basis consists
of scaolding  bers, such as F-actin, and these may be combined with a variety of crosslinkers and
ultimately with active components. is demonstrates that using simple, polymer-based model
systems it is possible to explain a large number of cell mechanical observations. eoretical
descriptions are therefore needed to establish the link between the macroscopic rheological
properties and the underlying microscopic structures.
1.4 Tube model
We give a brief overview of the tube model of entangled polymer solutions. eir physical
properties are quantitatively described by models of topological interactions. Macroscopic
resistance against shear deformation arises from the mutual impenetrability of the polymer
backbones – to deform a test  lament, surrounding  laments have to be pushed out of the way,
as familiar from knotted strings. Physically, entangled solutions represent a complex many-
body problem that eludes a rigorous solution [98, 99], yet, the tube model provides an eective
description of the topological constraints on the level of a test polymer.
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Figure 1.5: Confocal uorescence microscopy image of the con nement tube around semiexible actin
 laments in entangled solution, obtained by a two-color uorescent labeling technique. Image courtesy of
Inka Lauter, Forschungszentrum Jülich.
1.4.1 Tube model for exible polymers
e tube model was introduced by S. F. Edwards for melts and solutions of exible polymers [18,
98]. e idea is to circumvent the explicit discussion of the complicated topological constraints
and to represent them, eectively, by a harmonic potential for the uctuations of a test polymer,
which is thus con ned to a narrow tube-like cage. e polymer may escape its cage only very
slowly by a snake-like diusive motion called reptation [18, 100, 101]. On intermediate time
scales, entangled solutions and polymer melts exhibit an elastic plateau in the time-dependent
shear modulus. e tube model explains this by an intermediate thermal equilibrium for times
τe  t τd. Here, τe is the time scale on which the polymer uctuations feel the tube constraint
imposed by the entanglements, and τd is the time scale on which the polymer disengages from
its initial tube by longitudinal diusion. It depends sensitively on the tube contour length L,
and its scaling is estimated from the longitudinal diusion coecient as τd ' L2/D‖ ∝ L3 for
large L [100].
1.4.2 Tube model for semiexible polymers
e principle of the tube model also applies to semiexible polymers, for which the persistence
length lp represents a mesoscopic scale. e tightly entangled regime of semiexible polymers
[27,102] is characterized by a persistence length lp of the entangled polymers, which is larger than
the mesh size ξ of the solution, leading to a con nement of the transverse bending undulations.
e con nement geometry of the test polymer is characterized by the tube radius R and the
entanglement length Le, which refer to the magnitude of the con ned transverse excursions
and to the contour length between adjacent collisions with the tube wall, respectively.
e dependence of the average values ofR andLe on line concentration ρ ≡ 1/ξ2 (the amount
of polymer material per volume) is estimated from a scaling argument [24,25], by considering the
collision of the test polymer with another representative polymer of the solution. By de nition,
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the average number of collisions per entanglement segment is one, i.e. cpLLeR = 1, where
cp = ρ/L is the concentration of chains of length L. Since the entanglement length Le is related
to the tube radius R via the chain statistics of a WLC, i.e. R2 = L3e/lp [Eq. (1.5)], one obtains
the tube radius R ' ρ−3/5l−1/5p and the entanglement length Le ' ρ−2/5l1/5p .
e macroscopic plateau shear modulus G0 is expressed in terms of the entanglement length
Le, and from the latter it inherits the characteristic dependence on concentration. Assuming
that each collision of the test polymer with its tube contributes a free energy kBT , the plateau




Experiments on entangled actin solutions of F-actin have con rmed this concentration scaling
[72, 104].
Concerning the dynamical quantities, the tube model predicts the high-frequency shear
modulus asymptotically, resulting from the dynamic response of longitudinal uctuations of





is result has also been con rmed experimentally [36, 106, 107].
1.4.3 Microscopic models of the tube
Single-molecule experiments have provided microscopic evidence for the tube around a single
actin  lament in an entangled solution [108], see also Fig. 1.5. e possibility of measuring the
tube radius directly has stimulated the development of microscopic tube models, based on a
self-consistent binary collision approximation (BCA) and an eective medium approximation
(EMA) [27]. e BCA predicts the average value of the tube radius based on an analysis of
the entanglement topology and is discussed in detail in Chapter 3. e EMA assumes that the
polymer anely follows the collective excitations of an eective elastic background medium.
Both theories give rise to mutually complementary predictions for the concentration-dependence
of R and Le for dierent concentration regimes. e scaling behavior of these quantities has
been veri ed in experiments [104, 109, 110] and in simulations [28, 111]. e close match of the
scaling exponents in the BCA (R ∝ c−3/5) and the EMA (R ∝ c−1/2) has motivated a discussion
on the correct theoretical description of entangled polymer solutions, which was however based
on the comparison of average values [104]. Respective conclusions must be drawn with care,
since experiments typically yield skewed distributions of the tube radius [110, 112]. e latter




e tube model has been extended to account for nonlinear and non-ane deformations. e
response of physically entangled solutions to nonlinear strains is predicted by a unit-cell model,
in which the tube is allowed to trade in bending energy for con nement energy, and vice-
versa [113, 114]. It predicts a universal strain-soening response, in partial contradiction to the
observations of stiening in actin solutions (see Fig. 1.4, bottom and Chapter 2), but the latter
might represent a consequence of a ‘molecular stickiness’ [81]. One could interpret this and the
above results in the sense that the tube model has been validated for the linear response regime,
while its predictions are overshadowed by (spurious) adhesion and crosslinking eects in most
non-linear measurements.
Recently, the curvature distribution of the tube around actin  laments has been measured and
large curvatures followed an exponential distribution instead of the Gaussian distribution of
a free polymer [109]. is was corroborated by computer simulations, where the same eect
has been shown to occur for ( nitely long)  laments that could move freely in a background
of obstacles, compared to those with  xed ends [115]. e curvature distribution has been
argued to result from a non-ideal entanglement topology. Further theoretical progress in the
understanding of those eects however requires more detailed tube models (cf. also Chapter 3).
In summary, the tube model provides a detailed quantitative explanation of the mechanical
properties of entangled polymer solutions. It reveals the important role of topological interac-
tions in simple reconstituted cytoskeletal systems and acts as a reference description for studies
of their nontrivial dynamic and nonlinear eects.
1.5 Ane network model
e phenomenology of cytoskeletal networks with crosslinkers is broad and depends on a
multitude of parameters, such as crosslinker type (rigid or exible), crosslinker time scale (on/o-
rate) and crosslinker/ lament ratio (weakly or strongly crosslinked). Because of its simplicity,
the ane network model is commonly applied to rationalize the observed viscoelasticity of these
systems. We now review the model and also some recent theoretical developments scrutinizing
the assumption of ane deformations.
Crosslinkers mediate local interactions between polymers. For the protein  lament meshworks
that make up the cytoskeleton, their action relies on speci c binding sites on the polymers, in
other words, they induce short-ranged, “patchy” attractions. In cases of extremely long bond
lifetimes, these attractions may be modeled as geometric constraints (in addition to the above
mentioned topological constraints). One commonly accounts for the presence of crosslinkers by
introducing a new characteristic length scale Lc, representative of the mean distance between
crosslinking sites along a single  lament [116], which is distinct from the entanglement length
Le and the geometrical mesh size ξ. On the level of a single  lament, two dierent modes of
deformation exist: longitudinal stretching/compression and transverse bending [30, 31]. Since,
for rod-like networks, simple shear amounts to rotation and stretching/compression of  laments,
only these latter modes should be relevant in a purely ane deformation.
In the case of ane stretching (or, analogously, compression), the modulus of the network
originates from the mechanical response of a single WLC of length Lc. Changing its length by
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an amount δ` ≡ γLc in the linear regime requires a force f ' kBT l2pδ`/L4c [30]. If the stress is









is is the plateau elasticity modulus of the ane network model, which depends on  lament
and crosslinker concentration via the mesh size ξ and the cross-linker distance Lc. Using a
plausible (ad-hoc) parametrization of the latter, agreement between Eq. (1.14) and experimental
data for actin [73, 83] and intermediate  lament networks [13] can be obtained.
e corresponding high-frequency modulus G?(ω) for ane deformations is estimated from
the plateau modulus Eq. (1.14) in close analogy to the single-polymer results of Sec. 1.2.2.3, by
replacing Lc with the dynamic equilibration length `⊥(t) for weak forces, evaluated at t = iω,
yielding G?(ω) ' kBT l2p/ξ2`3⊥(t = iω) ∝ ω3/4. e exact asymptotic form of the viscoelastic
modulus including prefactors is again given by Eq. (1.13). It constitutes a universal asymp-
totic result independent of the crosslinker or anity length scale Lc and has been veri ed for
crosslinked networks and entangled solutions of F-actin [107].
e ane network model provides an explanation for the observed strain stiening response
of in-vitro networks and cells (see Sec.1.3.4) in terms of the nonlinear force-extension relation
of a single WLC (see Sec. 1.2.1.4). Since it follows from Eq. (1.8) that f ∝ [L− R(f)]−2, the
nonlinear dierential modulus K ′ ≡ dσ/dγ for a given value of the prestress σ ∝ f scales
as [30, 116]
K ′ ∝ df
dR
∝ f 3/2. (1.15)
However, this stiening exponent, which has been con rmed for certain cross-linked networks
of actin [73] and intermediate  laments [13], is not observed for all semiexible polymer
gels [74, 117] (cf. also Sec. 1.3.4).
e central assumption of the model described above, namely the anity of the strain  eld,
has recently been investigated. In simulations of two-dimensional crosslinked random  ber
networks, a non-ane bending-dominated regime has been identi ed, occurring as a function
of  ber aspect ratio, length and concentration [118,119]. It dominates the nonlinear response for
low strains [120]. Visualization of the strain  eld in F-actin networks indeed seems to provide
some evidence for non-ane deformations [121]. Heussinger and Frey have shown that ane
deformation  elds become unstable in the presence of thermal uctuations [122, 123]. Further
simulation studies show that homogeneously crosslinked networks are soer in the linear regime
and stien at higher strains than predicted by the ane network model [124]. erefore, in




1.6 Conclusion and outlook
e study of biopolymer networks provides the basic knowledge necessary to describe the
remarkable mechanical properties of living matter in a “bottom-up approach”. Clearly, the
development of mathematical toy models and systematic theories represents a crucial element
in this approach. e starting point for our discussion is the wormlike chain model of a single
semiexible polymer, which already exhibits a rich phenomenology. It enters theories of the
tube in entangled solutions of sti polymers, and of ane deformations in crosslinked networks.
e remainder of this thesis is organized as follows. In Chapter 2, a phenomenological model
for the slow dynamics and power-law rheology in reconstituted gels and living cells is proposed,
the “glassy wormlike chain”. Finally, Chapter 3 is concerned with a microscopic derivation of
the tube model of sti polymers, and in particular, uctuations of the tube width are discussed
and compared to experimental data.
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The glassy wormlike chain
piάντα χωρεῖ καὶ οὺδὲν μένει
“Everything changes and nothing remains still”
Heraclitus, as interpreted by Plato
2.1 Introduction
Studies of in vitro polymerized networks and solutions of the biopolymers that constitute the
cytoskeleton have provided many important insights into the molecular origin of the fascinating
mechanical properties of cells and tissues [3]. Measurements on living cells are commonly
interpreted in terms of strongly idealized theoretical descriptions, which range from equivalent
circuits involving a discrete number of eective time, length and energy scales, to an abstract
interpretation in terms of a “so glassy material”, capitalizing on the universal aspect of scale-free
rheology.
We discuss a phenomenological extension of the wormlike chain model, the “glassy wormlike
chain” (GWLC), which describes the slow dynamics of a semiexible polymer in a complex
energy landscape. e physical or chemical interactions of a test polymer with its surroundings
are represented by eective energy barriers retarding the relaxation of a wormlike chain. eir
net contribution to the dynamics is implemented in a phenomenological way via an exponential
stretching of the relaxation times of the long-wavelength modes, using a stretching parameter
or characteristic energy barrier height E .
We evaluate the uctuations of a GWLC and its response to external forces. In particular, the
GWLC predicts slow logarithmic decay of the time-dependent correlation functions, such as
the mean-square displacement or the dynamic structure factor at late times. e latter is found
to be in excellent agreement with experimental data for F-actin solutions. At low frequencies,
the linear viscoelastic modulus of a GWLC exhibits the signature of (near) power-law rheology,
which has also been observed in microrheological studies of living cells. e dierential or
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nonlinear shear modulus of a GWLC is characterized by a transition from strain soening
to stiening as a function of the energy parameter, in striking agreement with experimental
observations for F-actin solutions.
In Sec. 2.2, the model is introduced and its pertinent observables are discussed. A qualitative
physical interpretation of the energy landscape is provided, and the GWLC is compared to
other models of cell mechanics. A comparison of the dynamic structure factor of a GWLC with
experimental data for entangled F-actin solutions is given in Sec. 2.3. In Sec. 2.4 we consider
an application of the model to nonlinear measurements of actin networks, and we compare its
predictions to rheological data for living cells.
2.2 The glassy wormlike chain
2.2.1 Dynamics of a WLC
In the WLC model a semiexible polymer is represented as a continuous space curve r(s) =
[r⊥(s), s− r‖(s)] with arc length s = 0 . . . L. We consider the weakly-bending rod limit where
deections r′⊥(s) from the straight ground state are considered small, |r′⊥(s)|  1, the prime
denoting an arc length derivative. From the arc length constraint, r′2(s) = 1, it follows that
longitudinal uctuations are of higher order, r′‖ = O(r′2⊥). e dynamics of a weakly bending
WLC subject to an (optional) constant backbone tension f is to leading order described by the
linear Langevin equation for its transverse excursions r⊥(s, t),
ζ⊥r˙⊥ = −κr′′′′⊥ + fr′′⊥ + ξ⊥ . (2.1)
Here κ, ζ⊥ and ξ⊥(s, t) denote the bending rigidity, the solvent friction per length, and Gaussian












and the eigenvalues kn = npi/L can be parametrized by natural numbers n. e eigenmodes
relax independently and exponentially
〈an(t)am(0)〉 = δnm〈a2n〉e−t/τn . (2.4)








2.2 e glassy wormlike chain
Figure 2.1: Schematic sketch of a hypothetical bare pair potential U(r) suggested to provide an approximate
representation of the complex interactions between cytoskeletal constituents. Adapted with permission from
Ref. [125].





with the relaxation time τL = ζ⊥L4/κpi4 and the Euler force fL = κpi2/L2 of the longest mode
setting the characteristic time and force scale, respectively.
ese results can be used to calculate various time-dependent correlation functions as a
superposition of eigenmode contributions. For example, the transverse dynamic mean-square
displacement (MSD) reads








e MSD is directly or indirectly measured by a couple of experimental techniques, especially by
particle tracking, dynamic light scattering, and various passive and (linear) active microrheology
methods.
2.2.2 De nition of the model
e GWLC model is obtained from the WLC by an exponential stretching of the relaxation
spectrum in the spirit of so-called hierarchically constrained dynamical models [126]. e
strategy is also reminiscent of the generic trap models [127] underlying so glassy rheology [79],
but concerns the equilibrium dynamics of the test chain, here. e GWLC is a WLC with the
relaxation times for all its eigenmodes of mode number n < l ≡ L/Λ — or, more intuitively, of
(half) wavelength λn ≡ L/n > Λ — modi ed according to
τn → τ˜n =
{
τn (n > l)
τn exp(NnE) (n < l). (2.8)
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Here,
Nn ≡ l/n− 1 = λn/Λ− 1 (2.9)
can be thought of as the number of interactions per length λn with the environment and
Λ lp, L as a characteristic interaction length. We moreover introduce the suggestive notation
τΛ ≡ τl = ζ⊥Λ4/κpi4 and ωΛ = 2pi/τΛ for the corresponding crossover time and frequency,
respectively. We imagine the retardation of the relaxation of the long-wavelength modes of
the test polymer to be caused by a complex environment such as a solution of other polymers.
For example, in a semidilute solution of semiexible polymers, Λ would correspond to the
familiar entanglement length [25], ωΛ to the entanglement frequency, and Nn to the number of
entanglements an undulation of arc length λn has to overcome in order to relax. With regard
to the application to cytoskeletal networks, the model would in particular describe weakly
crosslinked polymers with incompletely screened sticky interactions (see Fig. 2.1). Note that
a more realistic pair potential should probably be highly anisotropic or "patchy" [128]. e
parameter E , which we call the stretching parameter, controls the slowing down caused by the
interactions. It is the key parameter of the model — and in fact the only parameter apart from
the rather obvious interaction scale Λ. Physically, it may be interpreted as a characteristic height
of the free energy barriers in units of thermal energy kBT in a rough free energy landscape.
Our de nition of the GWLC does only aect the relaxation times but not the amplitudes an
of the test chain’s eigenmodes. us, our assumption is consistent with the expectation that in
thermodynamic equilibrium the conformations of a free WLC should be recovered (cf. also
Chapter 3).
Prestress
We consider the eect of tension on a GWLC. An (optional) constant tension f was already
included in our brief account of the ordinary WLC in section 2.2.1. However, one should
certainly also expect an eect of any kind of external or internal stress onto the escape of the
polymer over the free energy barriers represented by E . Intuitively, the force is expected to “help
the polymer over the free energy barriers”, but we cannot, of course, exclude the opposite eect,
namely that the traps become under certain circumstances deeper upon applying a force. In
any case, the natural way to introduce a force into this picture is via a tilting of the free energy
landscape in the spirit of a generalized Kramers escape rate model [129], i.e.
E → E ± f/fT , fT ≡ kBT/∆ . (2.10)
e minus sign corresponds to the force lowering the barrier. e length ∆ should be interpreted
as a characteristic width of the free energy wells and barriers. Accordingly, fT represents the
scale of thermally induced force uctuations, which are even present in absence of an applied
stress.
e introduction of an external force in equation (2.10) may be seen as a simple heuristic
method to address the rheology of prestressed networks or even of the nonlinear rheology of
cytoskeletal networks. is is of considerable interest for potential applications of the model,
since prestress is thought to be the crucial element needed for mimicking typical cell rheological
behavior using much simpler reconstituted networks [90, 130–133].
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Figure 2.2: Time-dependence of the transverse dynamic mean-square displacement δr2⊥L(t) (MSD) and the
dynamic structure factor S(q, t). Left: The normalized MSD of a GWLC as a function of time t for stretching
parameters E = 5, 15, 35 (from top to bottom) for f = 0 (double-logarithmic scale). The straight line indicates
the limiting power-law growth δr2⊥(t) ∝ t3/4 of the MSD of an in nite weakly bending WLC. Dashed lines:
logarithmic approximation, Eq. (2.11). Right: The dynamic structure factor of a GWLC, evaluated numerically
for q2 = lppi4/Λ3 and stretching parameters E = 0, 5, 15, 35 (from bottom to top, semi-logarithmic scale).
The dashed lines indicate the logarithmic intermediate asymptotics from Eq. (2.14). Figures adapted with
permission from Ref. [125].
It remains to relate backbone tension f to the macroscopic shear stress. Consistent with
our discussion of the shear modulus in section 2.2.3.4, below, we follow Ref. [105] in writing
σ = f/5ξ2, where ξ ≡ (3/cpL)1/2 is the mesh size of a semidilute solution of semiexible
polymers. Its relation to the polymer concentration cp and the numerical prefactors are of
geometric origin. As a reminder of the tentative nature of the identi cation of σ as an actual
prestress we call σ the “nominal prestress”.
2.2.3 Calculation of observables
2.2.3.1 Mean-square displacement
We give an approximate expression for the mean-square displacement of a GWLC. e exact
MSD obtained from Eqs. (2.7) and (2.8) is evaluated numerically for various values of the
stretching parameter at vanishing prestress in Fig. 2.2 (le), and is seen to cross over from the
short-time MSD of a free WLC to a slanted plateau. e precise integral expression is given in
App. 2.A, and as is demonstrated there, exhibits a broad regime of logarithmic relaxation. e
latter is approximated in the following way,
δr2⊥L(t) ∼ δr2⊥Λ(∞) +
4Λ3
E lppi4 [γE + log(t/τΛ)] (1 t/τΛ  E) , (2.11)
for an unstressed chain (f = 0). Here, δr2⊥Λ(∞) contains the saturated contributions from the
free WLC modes up to wavelength Λ. e stretched part of the mode spectrum is asymptotically
approximated by the logarithmic term.
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2.2.3.2 Dynamic structure factor of a GWLC











where L is the polymer length, d is the size of a monomer, or, more accurately, the backbone
diameter, and r(s, t) are the monomer positions. e brackets 〈. . . 〉 denote an ensemble average.
Experimentally, the dynamic structure factor is obtained from the time-dependent intensity
autocorrelation function measured in dynamic light scattering experiments with the help of the
Siegert relation, or by neutron spin-echo spectroscopy.
For suciently long times t  ζ⊥/κq4, the dynamic structure factor S(q, t) at scattering
vector q  Λ−1 follows from the transverse mean-square displacement according to [20, 134],
S(q, t)/S(q, 0) ∼ exp [−q2δr2⊥,L(t)/4] . (2.13)
e time-dependence of the structure factor is plotted in Fig. 2.2 (right). A pronounced logarith-
mic intermediate asymptotics is seen to develop for large E . It can be calculated approximately
from Eq. (2.11), by expanding the exponential in equation (2.13) to leading order in the loga-




















As demonstrated in Fig. 2.2, the numerically evaluated dynamic structure factor agrees with
this approximation well beyond the time domain where the logarithmic contribution in the
exponent of equation (2.13) is small. From the slope of the logarithmic tails of the structure
factor in a semi-logarithmic plot the stretching parameter E is thus immediately inferred.
2.2.3.3 Microrheological modulus
From the transverse MSD of a point on the polymer contour, we deduce the linear susceptibility
αf (ω) (the subscript f refers to the prestressing tension) to a transverse oscillating point force at
frequency ω, by using the uctuation dissipation theorem. It relates the imaginary part α′′f (ω) of
the susceptibility to the Fourier transform δr2⊥L(ω) of the MSD viaα′′f (ω) = −ωδr2⊥L(ω)/2kBT .








(n4 + n2f/fL)(1 + iωτ˜n)
. (2.15)
For better comparison with the macrorheological complex shear modulus, it is customary to
report the inverse (up to a constant scale factor) g∗f (ω) ∝ 1/αf (ω) of the susceptibility, which is
called the “microrheological modulus”. Its real and imaginary parts g′f (ω) and g′′f (ω) are plotted
in  gure 2.3. e prestressing force f is seen to compete with the stretching parameter E in
raising/lowering the apparent power-law exponent of the low-frequency modulus, which is
discussed in App. 2.B. Its full eect is somewhat richer, because f also aects the WLC mode
amplitudes and relaxation times according to the explicit expressions provided in Sec. 2.2.1.
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Figure 2.3: Frequency dependence of the real and imaginary parts g′f (ω), g
′′
f (ω) (red/blue curve) of the
microrheological modulus, which is a common representation of the dynamic linear response to a transverse
point force applied to a test polymer. The abscissa is normalized to g′f=0(ωΛ) (E = 0). Left: E = 3 (solid), 10
(dashed), 35 (dotted) at vanishing prestress, f = 0. Right: f/fΛ = 0 (solid), 1 (dashed), 2.4 (dotted) at  xed
E = 25 with fT = 0.1fΛ, fΛ being the Euler force for the interaction wavelength Λ. Figures reprinted with
permission from Ref. [125].
2.2.3.4 The shear modulus
e microrheological modulus discussed in the preceding section should not be confused with
the shear modulus measured by a macroscopic rheometer. While, in practice, the two quantities
are sometimes hard to distinguish, this must be attributed to non-ideal (i.e. not point-like) probes
such as colloidal beads used to transmit the force to the medium and to detect its deformation,
which require additional considerations [135–139]. In the following, we discuss results based
on the assumption that the macroscopic shear modulus is obtained by applying the GWLC
prescription, equation (2.8), to the high frequency limiting form of the shear modulus [37, 105].
e latter is a single polymer quantity due to the independent relaxation of the short wavelength
modes that dominate the high frequency response. e results thus obtained for the frequency
dependence of the real and imaginary parts G′σ(ω) and G′′σ(ω) of the shear modulus G∗σ(ω)
are displayed for various nominal prestresses σ = f/5ξ2 in  gure 2.4. A closer inspection
reveals that the shear modulus slowly approaches a plateau at low frequencies, that is sensitive
to the prestress as a consequence of the underlying assumption [37, 105] of ane deformations.
is assumption has to be modi ed for short chains or not suciently strongly entangled
systems [119, 122, 140], and might in the future have to be relaxed.
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Figure 2.4: Frequency dependence of the real and imaginary parts G′σ(ω), G′′σ(ω) (red/blue curve) of the
macroscopic shear modulus obtained by applying the GWLC prescription to the theoretical expression for
the high-frequency limiting form of the shear modulus from Ref. [37, 105] for various nominal prestresses
σ = f/5ξ2 corresponding to f/fΛ = 0 (solid), 2 (dashed), 2.45 (dotted) at E = 25, fT = 0.1fΛ. The modulus
has been normalized toG′σ=0(ωΛ) (E = 0). Reprinted with permission from Ref. [125].
2.2.3.5 Nonlinear dierential modulus
On the level of our simplifying assumptions, the shear modulus in the presence of a prestress
is equivalent to the nonlinear dierential shear modulus K [73, 141]. It is therefore of some
interest to evaluate the dependence of |G∗| at a  xed frequency ω as a function of the nominal
prestress σ, which then amounts to a characterization of the nonlinear  nite-time elasticity of the
system. Via the force dependence of the bare WLC expressions of Sec. 2.2.1, the prestress causes
stress stiening, i.e., a monotonic increase of |G∗| with σ. In contrast, the exponential speed-up
of the relaxation caused by the barrier-lowering eect of the generated tension [Eq. (2.10)]
eventually overcompensates this stiening for large stresses. is is analyzed in Fig. 2.5 (le) for
various stretching parameters. e limiting functional relation |G∗σ| ∝ σ3/2 for the stiening,
which is only slowly approached for E → ∞ is an immediate consequence of the underlying
ane assumption [37, 105]. While there is recent experimental support that this limiting
behavior is indeed measurable in actin bundle networks heavily crosslinked by scruin [141]
(plausibly corresponding to E → ∞), experiments for actin/α−actinin solutions [142], actin
solutions homogeneously crosslinked by heavy meromyosion (HMM) in the rigor state [83],
and pure actin solutions [81] (see also Sec. 2.4.1 below) rather reveal a continuity of stiening
relations. ey suggest that the stiening is much less universal than previously thought [143],
consistent with a  nite stretching parameter E dependent on various control parameters such as
crosslinker concentration, temperature and ionic strength. To some extent, observations of a
weaker stiening might also indicate a contribution of (non-ane) transverse modes, as the
corresponding curves for the transverse microrheological response in Fig. 2.5 (right) converge
to the asymptotic stiening relation |g∗f | ∝ f for very large E . Hence, the GWLC does not
require a strict correspondence of network anity to the nonlinear response as sometimes
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Figure 2.5: The normalized moduli as a function of prestress. Left: The shear modulus |G∗σ|/|G∗σ=0|, which
is, under the assumptions stated in the main text, equivalent to the nonlinear dierential shear modulus,
evaluated at a  xed frequency ω = 0.1ωΛ as a function of the normalized tension f/fΛ corresponding to
a nominal prestress σ = f/5ξ2 for various E = 4 . . . 40 (from bottom to top) at fT = 0.1fΛ. The straight
line indicates the asymptotic stiening power-law to which the stiening curves slowly converge in the limit
E → ∞. Right: The corresponding curves for transverse the microrheological modulus. Figures reprinted with
permission from Ref. [125].
postulated [73].
2.2.4 Interpretation of the energy barriers
Here, some qualitative arguments are given as to why one could expect the rough free energy
landscapes alluded to in the introduction to be characteristic of cytoskeletal networks in-vitro
and in-vivo. We distinguish two contributions to the free energy: direct contributions from a
bare polymer-polymer pair interaction potential, and collective cageing or entanglement eects.
For cytoskeletal polymers, the former correspond to the strongly collective, heterogeneous and
anisotropic protein interactions [144]. Many observations hint at (unspeci c, e.g. hydrophobic)
adhesive contact interactions incompletely screened by electrostatic repulsion [145]. It is thus not
implausible that direct interactions of cytoskeletal elements can approximately be represented by
a pair potentialU(r) of the qualitative form sketched in  gure 2.1, which features a narrow energy
barrier. Such “enthalpic” barriers slow down the mode relaxation by an Arrhenius factor, which
scales exponentially in the barrier height. e barriers would thus yield substantial contributions
to E without seriously aecting the thermodynamics of the system. In particular, because of
the short-ranged anisotropic or “patchy” character of the molecular interactions, the molecular
“stickiness” is not expected to lead to macroscopic phase separation. e entanglement eects
on the free energy E can be estimated within the tube model for semiexible polymers, which
suggests a contribution E ' 1.
e above interpretation of E essentially as a kind of kinetic “stickiness” parameter for cy-
toskeletal polymers might have interesting implications as to the physiological role played by
the broad class of actin binding proteins such as crosslinkers and molecular motors. It seems
plausible that the predominant eect of most crosslinkers could be mimicked by adjusting the
stretching parameter E . [128, 146].
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Figure 2.6: MSD of a free polymer (− · −), of a polymer in an overdamped elastic background (– ··) [Eq. (2.16)]
with 〈r2〉 = 0.35 〈r2⊥〉 and a GWLC with E = ∞ (−−) (equivalent to a static tube) and E = 25 (—), all with
δr2⊥,Λ(∞) = 〈r2⊥〉/3 = 4Λ3/3lppi4 = 0.5. Adapted from Ref. [52], with kind permission of The European
Physical Journal (EPJ).
2.2.5 Similar models
In this section we discuss related models of slow dynamics in polymer gels and cells, and we
compare them to the GWLC.
2.2.5.1 Tube in an eective medium
In the simplest dynamic version of the tube model, a harmonic restoring force is added to the
Langevin Eq. (2.1), and by consequence, the relaxation of a con ned polymer is exponentially
suppressed for times longer than the entanglement time τe, associated with a mode of of wave-
length λ ' Le. e exponential saturation of the tube model is however far too quick compared
to experimental observations. is is improved by an extension that includes dynamic uctua-





















Here, the prefactors 〈r2〉 and 〈r2⊥〉 are the mean square amplitudes of the eective medium and
of the polymer, respectively, and the crossover frequency ω? is approximately identical to the
inverse of the entanglement time τe. eoretically, the static MSD, to which the dynamic MSD














2.2 e glassy wormlike chain
While this model seems to agree reasonably well with experimental data [45, 136, 147] if the
amplitudes and the crossover frequency are treated as free  t parameters, it cannot account for
the “slanted plateaus” generally observed (see Sec. 2.2.3.1) [52, 81], which correspond to a very
slow terminal relaxation of the MSD. For a comparison of the MSD of the eective medium
model to that of a GWLC, see Fig. 2.6.
2.2.5.2 Sticky reptation
Qualitatively, the idea of the GWLC is similar to the “sticky reptation” model [148]. e latter is
concerned with the dynamics of exible chains with a given number of “stickers”. e stickers
attach to similar sites on neighboring polymers with de ned rates (and detach again). e Rouse
motion of strands in the detached state couples to the reptation of the test chain, and leads to a
renormalized self-diusion coecient. In the sticky reptation model, the Rouse dynamics is
considered to be equilibrated on the time scale of bond formation, whereas the GWLC explicitly
considers the broad relaxation spectrum that follows from the the energy barriers representing
the bonds. In other words, though both models share some conceptual similarities, the former
is concerned with a single relaxation time (which is calculated from the kinetic rates), whereas
the GWLC prescription concerns a spectrum of relaxation times.
2.2.5.3 Soft glassy rheology
e rheology of so materials such as foams, slurries, pastes and emulsions is oen characterized
by a viscoelastic modulus G?(ω) that follows a power-law at low frequencies. In the general
theoretical framework of “so glassy rheology” (SGR) [79, 80], the material is characterized by
an ensemble of energy wells , which are associated with “mesoscopic regions”. e regions are
assumed to deform anely with the material, and may relax local strain by “activated” yielding,
that is, by overcoming the energy barrier. Its height is assumed to be exponentially distributed,
and the role of the energy unit is played by a generalized “noise temperature” x. Physically,
the latter is thought to result from coupling to structural rearrangements in the material and
to represent its degree of structural disorder. As a consequence, the system exhibits a glass
transition at x = 1, and below this value of the noise temperature the material is characterized
by aging processes. For x > 1, a power-law viscoelastic modulus G?(ω) emerges with a small
exponent δ = x− 1.
e SGR model is successfully applied to parametrize the rheology of living cells (cf. Chapter 1),
and in this context the power-law inG?(ω) is also known as the “structural damping” law [78,97].
As we show in Sec. 2.4.2, the predictions for the linear viscoelastic properties of a GWLC are
very similar to those of SGR. Indeed, the “near” power-law rheology of a GWLC with stretching
parameter E can be mapped onto the SGR model with a noise temperature that is asymptotically
given by x ∼ 1+3/E (see App. 2.B). In contrast to SGR, the GWLC is thermally driven and does
not exhibit a glass transition. On the other hand, while power-law rheology ensues from rather
general assumptions in SGR, the GWLC oers a plausible link to the underlying microscopic
polymeric degrees of freedom in biopolymer solutions.
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2.2.5.4 WLC with nonlinear bonds & Maxwell-like models
Power-law creep behavior may also arise from a model of a single chain with intrinsic nonlinear
bonds. e creep response of a semiexible chain with nonlinear bonds under a prestressing
force has been shown to exhibit signatures of power-law rheology with an exponent of 0.5− 0.7
[133, 149]. However, this does not agree with measurements of “weak” power-law rheology
in cells, which have been discussed in Chapter 1, and therefore the model is not (yet) able to
describe the experimental data.
e rheology of living cells is also oen rationalized using simple Maxwell-like viscoelastic
models, i.e. equivalent circuits consisting of series and parallel arrangements of dashpots and
springs. ose models, which are based on a discrete number of time scales, may oer an
advantage in describing systems dominated by a single cross-linker with well-determined on-o
kinetics [150], but they are less useful for systems exhibiting a spectrum of relaxation times, such
as those considered by SGR or the GWLC.
2.3 Fluctuations of actin  laments in entangled solution
e linear microrheology of entangled actin solutions is reliably and non-invasively probed
over several orders of magnitude in time by dynamic light scattering (DLS). roughout the
measurable time domain the dynamic structure factor is uniquely determined by the transverse
dynamic mean-square displacement of the polymers (cf. Sec. 2.2.3.2). e DLS results presented
in Fig. 2.7 show that the scattering function acquires a pronounced logarithmic tail at low
T and large L, in marked contrast to more uid samples at higher temperatures [151]. As
demonstrated in the inset of Fig. 2.7, the tails of the individual scattering curves measured for
dierent actin concentrations (other conditions and scattering vector q = 8.04µm−1  xed)
collapse upon rescaling the time axis. e resulting master curve extends over more than
10 orders of magnitude in time of which about 7 exhibit the logarithmic decay. is result
constitutes a time-concentration superposition principle for entangled solutions of F-actin, in
close similarity with the time-temperature superposition of glassy polymers [52, 81, 152].
e quality of the  t to the data in Fig. 2.7 by the GWLC model is excellent. e comparatively
high value of the stretching parameter E given in the  gure caption (compared to the expectation
of E ' 1 in a purely entangled solution) reects the strong suppression of chain motion on time
scales longer than the relaxation time τΛ associated with the interaction length Λ. is could be
interpreted as a “glass transition” and might arise from a molecular “stickiness” [81]. Preliminary
experimental results hint at a similar eect in polysaccharides, as demonstrated in App. 2.C. On
the other hand, simulation results of highly entangled solutions indicate the presence of slow
dynamics in the MSD at long times [111], therefore suggesting its interpretation as a consequence
of polymer entanglements. We note that analogous observations of slow relaxation in synthetic
polymer melts have been attributed to constraint-release eects [153]. In any case, a quantitative
interpretation of the free energy parameter E would require a microscopic theory that estimates
its value on the basis of entanglement eects and possible “enthalpic” contributions, which,
however, remains an open task.
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Figure 2.7: Dynamic structure factor from DLS. Scattering functions for native actin
(no gelsolin, cA = 17µM, T = 15◦C) at various scattering vectors q [µm−1] =
6.44, 8.04, 9.62, 11.71, 13.1, 14.47, 17.13, 19.64, 22.01, 24.22, 29.66 (from top to bottom, data outside
con dence time interval truncated)  tted by the GWLC model. The failure of the  ts for low q indicates the
breakdown of the single-polymer scattering theory. Quantitative evaluation is meaningful for q > 10µm−1
and yields E = 37 ± 6, Λ = 2.15 ± 0.13µm from  ts to the GWLC model. Inset: the logarithmic tails of the
scattering curves at q = 8.04µm−1 for various actin concentrations cA[µM] = 7.2, 12, 17, 24 collapse upon
rescaling the time axis. Theoretical  ts are dotted. Copyright ©2007 by The National Academy of Sciences of
the USA.
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Figure 2.8: Left:Transition from shear softening to stiening as a function of polymer concentration ( xed
shear-rate γ˙). The dierential modulusK (the numerical derivative of σ − γ curves) versus the applied stress
σ at γ˙ = 0.1 [s−1], both axes normalized by the linear modulus Klin (a) for various actin concentrations
cA [µM] = 2.4, 4.8, 9.5, 19, 38 at T = 21◦C, L = 21µm. Experimental data from Ref. [81]. Copyright ©2007 by
The National Academy of Sciences of the USA. Right: Stress-strain master relation for actin solutions sheared
at constant shear rate obtained by rescaling σ(γ) data for various system parameters  tted by the GWLC as
outlined in the text (experimental data from Ref. [81]). Adapted with permission from Ref. [154]. Copyright
©2009, American Institute of Physics.
2.4 Towards nonlinear & cell mechanics
2.4.1 Nonlinear mechanics of entangled actin solutions
e predictions for the shear modulus of a GWLC subject to a prestressing force are compared
to nonlinear measurements of entangled actin solutions. e dierential shear modulus K(γ)
for a range of actin concentrations cA is shown in Fig. 2.8 (le) as a function of the prestress γ.
A transition from shear soening to shear stiening with increasing actin concentration ca is
observed, demonstrating that shear stiening similar to that for cross-linked networks is also
possible for pure actin solutions. Completely analogous observations were made for dierent
control parameters, notably ionic strength I , polymer length L, and temperature T – upon
changing these parameters accordingly, a similar transition in the rheological response can be
induced, thus giving rise to a “rheological redundancy” [81]. e transition as a function of
the concentration ca shown in Fig. 2.8 (le) is in qualitative agreement with the  nite-time
nonlinear elasticity of a GWLC shown in Fig. 2.5 (le), where it occurs as a function of the
stretching parameter E . We note a similar transition in the nonlinear response has also been
observed in desmin and vimentin intermediate  lament networks [12, 155].
Fig. 2.8 (right) shows the experimental stress-strain master relation obtained by rescaling
the axes of 15 nonlinear stress-strain curves σ(γ) measured at various temperatures and shear
rates γ˙. e comparison to the GWLC prediction is included in the  gure. It is obtained from
numerically integrating the frequency-dependent dierential shear modulus upon identifying
shear rate with frequency, ω ↔ γ˙, assuming the validity of a corresponding Cox-Merz rule [80].
e deviations at large strains are expected and attributed to inelastic creep neglected in the
equilibrium GWLC. Indeed, an extended GWLC model capable of dealing with inelastic eects
achieves a better  t [156].
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Figure 2.9: Storage modulusG′(ω) (le panel) and loss modulusG′′(ω) (right panel) of human airway smooth
muscle (HASM) cells, taken from B. Fabry et al. [78] (symbols), for dierent pharmacological treatments (control
conditions: solid square, histamine: open square, DBcAMP: solid triangle, cytochalasin D: open triangle). Solid
lines are automated  ts computed with the GWLC model for the parameters summarized in Table 2.1. For
de niteness, and without noticeable consequences for the quality of the  ts, the intracellular prestress was set
to zero. Reprinted with permission from Ref. [154]. Copyright ©2009, American Institute of Physics.
2.4.2 Power-law rheology of living cells
In this section, we compare the GWLC to cell rheological data. In Fig. 2.9, microrheological
data by Fabry et al. [78] obtained using oscillatory magnetic twisting cytometry (OMTC) is
reproduced. Also shown are automated  ts produced from the GWLC model (the  t parameters
are summarized in Table 2.1). Within the accuracy of the experimental method the comparison
is in fact very satisfactory, demonstrating that weak power-law rheology ensues naturally from
the GWLC model, as suggested by the (near) linearity of the curves for low frequencies in the
double-logarithmic representation of Fig. 2.9. e reduction of cell rheological data to the
GWLC is thus possible — albeit with model parameters Λ and E that are potentially complicated
functions of a plethora of parameters characterizing the state of the cell microscopically. e
tremendous reduction of the vast microscopic parameter space to a small number of parameters
that matter for a phenomenological description of the rheological properties of a living cell has
been  rst recognized by Fabry, Fredberg and coworkers [78, 157]. eir respective insightful
discussions could be reiterated to argue why it is useful to have a simple phenomenological
description like the GWLC even when deriving the model parameters from a more microscopic
description remains a challenging and so far open problem. A cautious remark is in order, here.
While one could feel tempted to interpret the success of the model for in-vitro actin solutions and
living cells as indicative for the existence of corresponding meso-scale structures and physical
mechanisms in both systems, there is generally no one-to-one relation between the rheological
behavior and the underlying mechanisms.
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Control Histamine DBcAMP CytoD
G′(1/τΛ) [kPa] 5.08 6.78 1.54 0.93
1/τΛ[s−1] 466 920 142 245
Λ [µm] 0.961 0.810 1.29 1.13
E 8.84 12.3 5.79 3.03
Table 2.1: GWLC-parameters deduced from the  ts in Fig. 2.9 via the WLC form of τΛ = ζ(Λ/pi)4/κ with
ζ = 0.01 Pas (10 times the value for water), κ/kBT = 10 µm (for pure actin), and T = 22◦C. The values
for Λ are about half those found for in vitro actin solutions [81], roughly corresponding to a 4-5 fold actin
concentration in vivo. Reprinted with permission from Ref. [154]. Copyright ©2009, American Institute of
Physics.
2.5 Conclusion and outlook
We introduced the GWLC as a phenomenological model for the slow, glassy dynamics of a single
sti polymer in a network, which is obtained from the WLC by an exponential stretching of its
relaxation spectrum. e model explains the logarithmic tails found in the dynamic structure
factor of entangled actin solutions, producing accurate  ts over a range of more than eight orders
of magnitude in time. It may also be used to analyze macrorheological spectra of biopolymer
solutions and, in particular, their nonlinear response. Moreover, it can be  tted to cell rheological
data with remarkable precision, requiring only a small set of parameters.
We note that the GWLC also enters theories of the nonlinear mechanics of cytoskeletal net-
works characterized by reversible bonds, which are currently under development [86, 158]. By
quantifying experimental observations of slow dynamics in reconstituted networks, the model
could thus be taken as a starting point for more microscopic theories. ese might be based
on simulations [111] or re ned tube models [112, 159] in the future, but the GWLC already
provides a simpli ed and ecient description of a number of nontrivial dynamic and viscoelastic
eects for a wide range of experimental data.
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Appendix
2.A Logarithmic tails
In this appendix, we calculate an approximate expression for the late-time MSD of a GWLC. We
start from the expression of the MSD of a WLC, Eq. (2.7) and we approximate the sum
∑∞
n=1
over modes by an integral
∫∞
0
dn. is is allowed as long as long as the n = 1 term does not
contribute signi cantly, i.e. for times t τL. We rescale the integration variable n by the mode












































where b = 3/4. e integral saturates in the limit of long times,
δr2⊥,Λ(∞) = 4Λ3/3lppi4. (2.22)
e second integral Eq. (2.20) is not immediately solvable analytically. We approximate it within
a certain range of parameters. Writing
˜˜n = t˜1/4 exp[−(E/4)(1/n˜− 1)]n˜, (2.23)








e number n0 can in principle be determined numerically. e above substitution is valid as
long as the logarithmic term in the denominator of Eqs. (2.24), (2.25) is not dominant, i.e. for
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[1− exp (−˜˜n4)] (2.28)
=
1









[1− exp(−˜˜n4)] log(˜˜n/n0t˜1/4) (2.30)
≈ 8E2 [−1/4− log(n0)]t˜+O(t˜)
2 (t˜ 1). (2.31)
In the limit t˜/E  1 we can neglect the contribution of B (which for long times is ultimately
approximated by a logarithmic term in t) against A, as well as the exponential integral Ei in
Eq. (2.29) and the  nal result, valid for short and intermediate times, is provided by Eq. (2.11)
in the main text.
2.B Near power-law modulus
e aim is to derive an approximation for the microrheological modulus of the GWLC. e
frequency-dependent microrheological modulus G(ω) of the GWLC (at vanishing prestress) is
de ned as the inverse of the susceptibility to a transverse point force, Eq. (2.15). In the case of









e value of the plateau modulus is G0 = kT lppi4/L3. e relaxation time τ˜n of mode number
n is de ned in Eq. (2.8). e calculation is simpli ed by converting the sum in Eq. (2.32) to an

















Appendix 2.B Near power-law modulus
In the last equation, we also let L, l →∞ while keeping Λ = const. e prefactor is then given
by GΛ = kBT lppi4/Λ3. We de ne τΛ ≡ τl = (ζ⊥/κ)(Λ/pi)4. e second term on the RHS of
Eq. (2.33) is the (high-frequency) limit of the susceptibility of a WLC of length Λ [37, 105]. We
restrict our discussion to the low-frequency limit ω  τ−1Λ , where this term becomes constant
and the frequency-dependence of α(ω) results from the  rst term.
We begin by rewriting eq. (2.33),















n8 + (ωτΛ)2 exp(2E(1/n− 1)) . (2.36)
From the denominator of the above integrands we infer the characteristic mode number
n = n(ω), which ful lls the equation
n4 = (ωτΛ) exp(E(1/n− 1)). (2.37)
Before continuing to calculate the integral, we consider (approximate) solutions to the transcen-
dent equation eq. (2.37). It can be transformed into an equation for z ≡ E/4n,











Eq. (2.38) is equivalent to the following implicit equation
z = − log(z/u) (2.40)
= − log((− log(z/u))/u) (2.41)
= . . .
For u 1 corresponding to E  1, we can use the approximation z = − log((− log(z0/u))/u)
[Eq. (2.41)], where z0 ≡ E/4. Now for n ≷ n(ω) we have n4 ≷ exp(E(1/n− 1)). We observe
that the integral expression for α′ [Eq. (2.35)] is dominated by mode numbers n > n(ω), and
that the one for α′′ [Eq. (2.36)] is dominated by mode numbers n < n(ω). us, Eqs. (2.35),























dn exp(−E(1/n− 1)). (2.43)
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Figure 2.10: Plot ofG′(ω), G′′(ω) for a GWLC with E = 10 andGΛ = 1 (solid lines), and of the approximation
toG′(ω), Eq. (2.48) (dashed line) for ωτλ < 1.
Evaluating this integral, we get
α′′(ω) ≈ (GΛωτΛ)−1EeEΓ(−1, En−1(ω)). (2.44)
We also note that for n(ω) ≤ 1, an asymptotic expansion of eq. (2.44) as a function of E shows
that α′′(ω)/α′(ω) → 0 (E → ∞). us we get an approximation to the storage modulus for
ω  τ−1Λ ,
































where we inserted u from eq. (2.39). e calculation of G′′(ω) would follows along the same
lines, but here we only consider G′  G′′. In Fig. 2.10 the resulting G′(ω) is compared to
the numerically evaluated expression Eq. (2.32). One can see that apart from a scaling factor,
Eq. (2.48) accurately reproduces the frequency behavior of G′(ω) for all frequencies ω ≤ τ−1Λ .
Now the apparent power-law exponent δ ≡ d log(G′(ω))/d log(ω) of G′(ω) can be inferred.
As a result we get aer a short calculation
δ(ω = eyτ−1Λ ) ∼
3
E











) (E  1). (2.49)
It is seen that, for E → ∞, the power-law exponent approaches its asymptotic result δ ∼ 3/E .
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Figure 2.11: MSD for acid-induced pectin gels (data points) (0.3% wt) with 0.01% w/w urea (lower curve)
and 1 M urea (upper curve), measured using diusing wave spectroscopy. Urea is used to break hydrogen
bonds. Bright solid curves are  ts to the GWLC model with τλ = 8.9 10−4 s, δr2Λ = 145 nm
2, E = 26.46 (upper
curve) and τλ = 4.87 10−4 s, δr2Λ = 87 nm
2, E = 29.06 (lower curve). Unpublished experimental data kindly
provided by Romaric Vincent [160].
2.C Pectin gels
Gels of the polysaccharide pectin have been found to exhibit characteristics of semiexible
networks. ough pectin polymers are typically considered as exible, under suitable condi-
tions, and using e.g. calcium ions to cross-link the individual pectin chains, the short-time t3/4-
behavior of the MSD of semiexible polymers has been detected in dynamic light scattering ex-
periments [45]. Pectin gels thus constitute another model system besides cytoskeletal polymers
to study the properties of sti chain networks. Moreover, weakly cross-linked, acid-induced
pectin gels (presumably based on hydrogen bonds) can also be prepared [160]. Fig. 2.11 shows
the MSD of such solutions obtained for two dierent samples with dierent molecular bond
strengths. e change in network elasticity is possibly reected by dierent values of the stretch-
ing parameter E . More precisely, if hydrogen bonds are broken, the gel becomes more uid, as
indicated by the higher plateau value of the MSD, and by the slightly lower value of the stretching
parameter E ( t parameters given in the  gure caption). us, this experimental system could
in principle be suited to study the inuence of the bond strength on the stretching parameter,




Segment uid representation of entangled
sti polymers
3.1 Introduction
Entangled solutions of sti polymers are ideal minimal model systems to generate a fundamental
understanding of the origin of the mechanical properties of the cytoskeleton. is complex
polymer scaold maintains the stability and integrity of animal cells and comprises three types of
semiexible  laments, microtubules, actin and intermediate  laments with persistence lengths in
the range from 10−1 . . . 103µm [11,12,161]. In-vitro reconstituted solutions of these constituents
hint at how cells can acquire a considerable macroscopic strength from a purely topological
microscopic constraint and thermal uctuations, utilizing a minimum amount of material.
ough the individual polymers only have to respect a simple constraint, namely the mutual
impenetrability of the polymer backbones, complex so-solid like mechanical behavior arises
at densities that would correspond to a very dilute gas without polymerization. To deform an
entangled polymer, surrounding polymers need to be pushed out of the way, as familiar from
knotted strings. In entangled solutions, this mechanism leads to con nement of the individual
polymers in eective tube-like cages, from which they only escape very slowly by a snake-like
motion called reptation [98, 100].
In theory, the tube is implemented by a harmonic potential of stiness φ for the transverse
uctuations of a representative test chain. e con nement geometry of a sti polymer of
persistence length lp is then characterized by a characteristic entanglement (or collision) length
Le  lp and the tube width R  Le [24, 25], and both are functions of φ. e former is a
measure of the average spacing between adjacent collisions with background polymers, each of
which contribute an amount kBT to the average con nement energy of the test chain. e latter
measures the magnitude of the con ned thermal uctuations (Fig. 3.1).
e tube has  rst directly been observed experimentally in entangled solutions of the biopoly-
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Figure 3.1: Test polymer in a background solution, con ned into a tube of spatially varying radiusR(s). The
chemical distance Le indicates the characteristic scale of the tube heterogeneities.
mer F-actin [108], which has made it possible to infer the tube radius R from single-molecule
measurements in real space. Its mean value has also been predicted theoretically based on a
binary collision approximation (BCA) and an eective medium approximation (EMA) [27].
e BCA concentrates on the entanglement topology of a test chain, the EMA on the eective
elastic background medium. More recently, the characteristic heterogeneities of the local tube
width R along the tube contour have been systematically studied in experiments [108–110, 162]
and in simulations [28]. eir statistics has been quanti ed by a broad and skewed tube width
distribution P (R) [110, 112] that can not be inferred from the existing mean- eld theories.
In this chapter, a systematic theoretical framework to derive the tube width distribution is
proposed. We follow the BCA approach for the tube stiness, developed by D. Morse in Ref. [27].
In this approach, pairwise collisions between a test chain and an obstacle polymer in a prescribed
geometry and topology are summed up to yield the self-consistent strength φ of the con nement
potential. Our aim in the following is to derive a local version of the BCA, on the scale of
individual entanglement events or “tube collisions”, in order to deduce information about the
local heterogeneities of the polymer solution. We generalize the BCA beyond mean- eld by
a self-consistent segment uid theory that enables us determine the local tube radius R and
its distribution function P (R). In this theory, the entangled solution is eectively mapped
onto an ensemble of entanglement segments, which are described by con ned wormlike chains
with individual values of their tube radius R and entanglement length Le. Every entanglement
segment represents a part of a long entangled polymer. Although spatial correlations between
dierent segments on the same polymer are discarded in our approach, we show that the essential
topological interactions between dierent segments in the ensemble are nonetheless retained
and that they give rise to heterogeneities of the tube width. eir statistics is comprehensively
described by the tube width distribution function P (R), which provides valuable information
beyond the average values ofLe andR. As a main result, P (R) is found to be non-Gaussian with
a stretched tail, in good agreement with the experimental data. We note that a brief preliminary
account of our theory together with a detailed comparison with experiments has been given in
Ref. [112].
e remainder of the chapter is organized as follows. In Sec. 3.2, we discuss the fundamental
concepts of our theoretical description, the wormlike chain model (WLC) for a single con-
 ned semiexible polymer. Starting from general assumptions, the statistical mechanics of
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an entangled polymer is introduced and in Sec. 3.2.3 the essential coarse-graining steps and
approximations necessary to arrive at the BCA are presented. Subsequently, in Sec. 3.3, we
construct the segment uid model and derive the distribution of tube strengths and the tube
radius distribution P (R) on the BCA level. e analytical results are compared to a numerical
integration of the segment uid using a Monte Carlo method. In Sec. 3.4, a self-consistent
solution for the tube radius distribution is discussed. is  nal result is then compared to
published experimental data.
3.2 Basic elements of the model
3.2.1 Overview of the tube model
We consider a sti test polymer in the presence of surrounding uncrossable polymers imposing
topological constraints on its conformation. We restrict our discussion to weakly bending
polymers that are characterized by small transverse excursions around an average axis (their free
ground state). e tube concept concerns quantities in an intermediate equilibrium, i.e. on time
scales τe  t τd, where τe is the time for the con ned degrees of freedom to equilibrate inside
the tube and τd is the disengagement time of the polymer from its initial tube. In what follows, a
strong scale separation τe  τd is assumed. en, in the idealized limit τd →∞, the topological
relationships of the solution will be asymptotically conserved, and the average positions of the
background polymers and their mutual topological relationships can be considered as eectively
frozen (or “quenched”), thus collectively giving rise to a con nement potential representing
the tube. We denote the thermal average with respect to a given “quenched” con guration by
angular brackets 〈· · · 〉 and the average over dierent con gurations and topologies of the tube
by an over-bar · · ·. In this section, we consider the statistics of single con ned polymers and
subsequently extend the description to collisions between two such con ned polymers.
3.2.2 Statistical mechanics of an entangled polymer
3.2.2.1 General de nitions
We  rst de ne general notions describing the statistical mechanics of a sti polymer subject to
topological constraints. Since we consider weakly bending rods, every polymer is parametrized
by its transverse excursions r⊥(s) around the straight ground state conformation,
r(s) = R+ us+ r⊥(s), (3.1)












Here and in the following, natural units (kBT = 1) are employed, such that the bending rigidity
κ ≡ kBT lp is synonymous with the persistence length lp of a free polymer in solution.
In order to de ne topological relationships between  laments, we will formally take the
thermodynamic limit L → ∞. We show in Sec. 3.2.3 how this limit can be unambiguously
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attained for entangled sti polymers without incurring serious errors, by arti cially con ning
the ground states of the polymers to straight conformations. For a given set of (quenched)
ground state contours {ri + uis} the topological relationships of the polymers ri(s) can then
be described by a set of pair invariants {σij}, such that for a given realization of this topology
it is impossible for the system to evolve into another topological state without an intersection
of two polymer contours. Hence, we assume a partitioning of the available phase space for the
transverse uctuations r⊥(s). In what follows, we refer to the set {ri + uis} of ground state
contours together with the set of topological variables {σij} as the (quenched) con guration of
the entangled solution.
In such a con guration, we now consider a given realization of the thermal undulations r⊥(s)
of the test polymer with r⊥(s) · u = 0 and de ne the partition sum Z[r⊥(s)] of the accessible









Here, the subscript {σij} denotes the integration over topologically accessible paths in a given
con guration. e formally divergent path integral is regularized by normalizing the measure
to the partition sum, ∫
Dr⊥(s)e−H[r⊥(s)] ≡ 1, (3.4)
so that the negative logarithm of the constrained partition sum in Eq. (3.3) de nes the free
energy of the con ned test polymer,
F [r⊥(s)] ≡ − lnZ[r⊥(s)]. (3.5)
e overall Boltzmann weight e−F of a quenched con guration is given by the integral of
Z[r⊥(s)] over the conformations r⊥(s) of the test polymer,
e−F ≡
∫
Dr⊥(s) e−F [r⊥(s)]. (3.6)
Since the polymers are assumed to be in nitely thin, i.e. they have no excluded volume, the sum
over all topological states has to reproduce the thermal average of the free polymer,∑
{σij}
Z[r⊥(s)] = e−H[r⊥], (3.7)
hence ∑
{σij}
e−F = 1. (3.8)
We also de ne a thermal average in a given (quenched) con guration,
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Dr⊥,i(s) . . . ≡
∫ N∏
i=1
Dr⊥,i(s) . . . e−V ,
(3.9)
where




It follows from Eqs. (3.5) and (3.9), that F [r⊥(s)] can be interpreted as a potential of mean force,









〈δ[r⊥,0(s)− r⊥(s)]〉 , (3.11)
i.e. its derivative yields the average con ning force on the test polymer.
Finally, we de ne the “con guration average”, denoted by an over-bar, as the average over the
quenched con gurations,











is concludes the general de nitions of quantities that describe the conformations of polymers
subject to topological constraints.
3.2.2.2 Transverse distance distribution
We now concentrate on the average eect of the topological constraints on the uctuations of
the test chain. In a given quenched con guration, the average conformation 〈r⊥(s)〉 of the test





We de ne the uctuations h(s) around the average contour by
r⊥(s) ≡ 〈r⊥(s)〉+ h(s). (3.15)
We use this decomposition to calculate the distribution of the uctuations,
P [h(s)] ≡ e−F [〈r⊥(s)〉+h(s)]+F (3.16)
≈ e−F [〈r⊥(s)〉]+F−H′[h(s)], (3.17)
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Eq. (3.17) follows from a formal Taylor expansion of F in the uctuations h(s), where the  rst
derivative δF/δr⊥(s) vanishes if the latter is evaluated at r⊥(s) = 〈r⊥(s)〉. To quadratic order,







with the “tube potential” Γ = F −H . e approximate transverse distance distribution,
P [h(s)] = e−H
′+F ′ , (3.20)






and a comparison with Eq. (3.17) shows that F ′ ≈ F − F [〈r⊥(s)〉] is the con nement free
energy of the test polymer in harmonic approximation.
As the free energy is to leading order approximated by an eective Hamiltonian H ′, which is
quadratic in the uctuationsh(s), this is equivalent to approximating the distribution ofP [h(s)]
in a given con guration by a Gaussian. We refer to h(s) as the con ned degrees of freedom of
the test chain, and to 〈r⊥(s)〉 as the primitive path or preferred contour. Hence, we think of the
primitive path as de ning the backbone of an imaginary tube, into which the transverse degrees
of freedom of the entangled polymer are con ned so that they are characterized by a Gaussian
distribution around the primitive path. We note that the con guration-averaged distribution
P [h(s)] of the uctuations h(s) is in general non-Gaussian, depending on the distribution
of con nement strengths φ, even if P [h(s)] is Gaussian. e technically motivated Gaussian
approximation of H ′ and F ′ is supposed to be uncritical and not to seriously aect the further
discussion.
3.2.2.3 Tube radiusR and entanglement length Le
To characterize the con nement geometry of an entangled polymer, we consider two quantities,
the tube radius R and the entanglement length Le. First, we de ne the arc-length dependent
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e aim of this work is to characterize spatial variations in R(s). Retaining the full arc-length
dependence of R(s) throughout the entire discussion would however represent an unnecessary
complication. It is for this reason that we  rst consider the simpler case of a test polymer in a
homogeneous (cylindrical) tube that can be characterized by the spatial average φ of the local
con nement strength φ(s). e latter is obtained from φ(s, s′) by integration over either s or
s′. Intuitively, since a collision between the test polymer and a background polymer will only
aect the con nement potential of the test polymer on a local scale on the order of the tube
radius, this approximation amounts to neglecting all heterogeneities in φ(s), and in particular
those on the scale R. We relax this assumption in Sec. 3.3 by considering an eective local
con nement strength φL, which is averaged over a coarse-graining length L characteristic of
the typical uctuations of the tube width R(s). e appropriate choice of this coarse graining
length is discussed in App. 3.C.
e variance of r⊥(s) [Eq. (3.22)] is obtained from the con nement strength, φ(s, s′), via





ds˜ ds˜′φ(s˜, s˜′) (3.24)
for the spatially heterogeneous φ(s, s′). For ease of calculation, we further require the con-
 nement potential to be isotropic, i.e. φij = φ(δij − uiuj). (More generally, we could de ne
φ ≡ 1
2
trφ, where the factor of 1/2 results from the two transverse directions.) Hence, the
eective Hamiltonian simpli es to















|h(q)|2 [lpq4 + φ] . (3.27)
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Figure 3.2: Binary topology of weakly bending rods for two con ned polymers with ground state contours
indicated by straight lines. Shown are the σ = ± topologies of the test polymer (red). Adapted from Ref. [27].


















is amounts to assigning a con nement energy equal to kBT (= 1 in our units) to every
collision, and identifying Le with the collision length.
3.2.3 BCA
In this section, we discuss the binary collision approximation with the aim of calculating the
average value of the tube radius R for a given concentration of polymers. e mathematical
structure of the  nal results obtained in this section closely parallels that in Ref. [27]. e aim
is not, however, to repeat the steps that led to those results, but rather to back up the more
intuitive reasoning of that work formally. is serves as the basis for our discussion of the tube
heterogeneities in Sec. 3.3 and has the additional bene t of  xing some hitherto somewhat
ambiguous numerical factors.
e  rst step, which is detailed in Sec. 3.2.3.1, consists in  nding an expression for the con-
 nement potential φ in a given tube con guration, which then also depends on a self-consistent
average tube radiusR of the background polymers. is is achieved by summing up binary colli-
sions between the polymers that are described by the BCA potential as if they were uncorrelated
events. In Sec. 3.2.3.2, we calculate the con guration average φ of this con nement potential
and thus obtain the self-consistent tube radius R∞ in mean- eld by solving R = Rφ.
3.2.3.1 Introduction of the pair potential
e essence of the BCA is the introduction of a coarse-grained pair potential that describes
independent pair collisions between the test polymer and the background polymers. From the
latter, we calculate the con nement strength in a given con gurationφ, and obtain an expression
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relating it to the second derivative of a sum over pair potentials. We de ne the characteristic
function χij of the entanglement of a pair of polymers that may take the values zero or one.
is function can be thought of as a topological invariant of the pair. Intuitively, when the
ground state contours of the two weakly bending polymer are quenched, the chains can be
given an orientation (or topology) in a suitable projection of the two contours, relative to that
of their ground state contours. e two possible states, denoted (+) and (−), are sketched in
Fig. 3.2. We note, however, that this de nition cannot yield a true topological invariant, since
there exist pairs of contours having more than one crossing point in a given projection, thus
rendering the classi cation ambiguous. We circumvent this problem in App. 3.A by introducing
an approximate realization of χij , that generalizes the intuitive idea exempli ed in Fig. 3.2 and
exploits that the average number of crossing points is of order unity for suciently sti or
strongly con ned polymers. In the subsequent discussion, we thus treat χij as if it was a true
invariant of the topology, keeping in mind that this can introduce some numerical or even
conceptional errors if the polymers are not suciently strongly entangled.
Hence, for a pair of polymers, we specify the topology via a binary variable σij = ± (cf.
Sec. 3.2.2.1), such that χσijij = χ
σij
ij [ri(s), rj(s)] indicates whether the two polymer contours
ri(s), rj(s) are topologically allowed with respect to σij . e condition that the two topologies
are mutually exclusive can be stated as
χ+ij = 1− χ−ij. (3.34)
When there is no ambiguity, we drop the superscript σij in the following, i.e. write χij ≡ χσijij .
is enables us to treat χij formally as a pair contribution to the Boltzmann factor of the
“topological excluded volume” potential, e−V . is procedure allows for a derivation of an exact
expression for φ in terms of appropriately de ned two-polymer and three-polymer correlation
functionals. In the low-density limit, the pair correlations are exactly obtained from the Born-
Green equation. Since only the direct correlations between the test polymer and the background
polymers are retained in the low-density limit, the (self-consistent) con nement potential of
the latter has to be reintroduced manually. While the rest of our discussion consists up to
some uncritical (technical) simpli cations of formally exact manipulations, it is this subtle
intervention that represents the cornerstone of the tube model, and which allows for a systematic
deduction of the non-trivial properties of the complex many-body system.
As announced above, the preferred contour 〈r(s)〉 of the test polymer is approximated by
its free ground state, i.e. the straight rod, which should provide a reasonable starting point
for suciently sti polymers. is touches upon a subtle question, however. Physically, our
approximation amounts to the following hypothetical situation:  rst the limit of a rod-like
polymer, lp → ∞, is taken in a state where the polymers are transparent, aer which the
constraint of mutual impenetrability is enforced and  nally uctuations of the polymers are
‘turned on’ (i.e., lp is set to its actual thermal value). is is, of course, dierent from the
experimental situation, where the entangled solution is prepared at  nite lp or, equivalently,
T . In the latter situation, subsequently taking the limit of lp → ∞ is expected to reveal the
“primitive path network” of the entangled solution, that will not generally be a gas of rigid
rods [99, 163]. However, since we are mainly interested in the local uctuations of the tube
width, it is not expected that our simplifying assumption concerning the global ground state has
a crucial inuence on the following discussion.
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To calculate the con nement strengthφ, we use its de nition Eq. (3.19) as the second derivative
of the tube free energy Γ[r⊥(s)]. We begin with the de nition of the partition sum of the test
polymer as an integral over accessible paths, making use of the “topological excluded volume”























Here, “topologically allowed” refers to an appropriate realization of the binary invariant, which is
made more precise in App. 3.A. Evidently, the functional χij is discontinuous upon intersection
of the two polymer contours ri(s) and rj(s), i.e., whenever ri(s) = rj(s′) for some s, s′. It thus
has to be treated as a distribution. is, however, would unnecessarily complicate the following
reasoning, and we assume that there always exists an approximation to χij , such that we can
write
χij ≈ e−vij (3.38)
with a suciently smooth pair potential vij . In the remainder of the discussion we utilize
standard results from the statistical mechanics of simple liquids [164].
First, we notice that the distribution of transverse distances, viz., the normalized partition sum
of the test polymer, can be written as a tagged-particle density,




0 [r⊥(s)] = 〈δ [r⊥(s)− r⊥,0(s)]〉. (3.40)
is formal characterization of the binary interactions allows us to explicitly calculate the  rst
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0i [r⊥(s), r˜⊥(s)] = 〈δ [r⊥(s)− r⊥,0(s)] δ [r⊥,i(s)− r˜⊥(s)]〉,






0i . Eq. (3.41) is the  rst member of the Yvon-Born-Green
(YBG) hierarchy for our system, and H plays the role of the external potential.


































e RHS of Eq. (3.42) involves correlations between three polymers. Evidently, to proceed
further, we need a closure in the form of a physically motivated approximation to the triplet
correlations g(3)0ij . e third term on the RHS is summed over the (N − 1) values of j 6= i,
hence it is of orderO(N), whereas the other terms are of orderO(1). is implies that, in the
 nal result, this term would become negligible compared to the other terms in the low density
limit cp = N/V → 0. In view of the pair approximation inherent in the BCA [27], we take
the low-density limit cp → 0 that would lead to a pair distribution function g(2)0i ∝ e−v0i for a




0ij ≈ g(2)0i g(2)0j , (3.43)
as can be seen by substituting this equation into Eq. (3.42). Physically the formal low-density
limit thus amounts to a superposition approximation [164], neglecting the mutual correlations
gij between background polymers and retaining only their interactions with the test polymer.





where we introduced the BCA potential Fσ as
e−Fσ0i ≡
∫
Dr⊥,i e−v0iρ(1)i . (3.45)
e BCA potential has an obvious interpretation. It is the free energy of the constrained
uctuations of the polymer i in the presence of an impenetrable, immobile test chain. In contrast
to the familiar expectation for the low-density limit of g(2)0i given aer Eq. (3.42), we thus obtain
an additional normalization factor depending on r⊥(s), which, for a homogeneous and isotropic
pair potential v, would reduce to an integration constant.
Similarly, using the result Eq. (3.44), Eq. (3.41) has an exact solution for the single-polymer







Fσ0i∫ Dr⊥ e−H−∑i Fσ0i . (3.46)
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Hence, we have derived an expression for the transverse-distance distribution. From the latter,
the sought for con nement strengthφ(s, s′) immediately follows by taking the second derivative











Further we approximate the “single-polymer density” ρ(1)i in the de nition of the BCA potential
Fσ0i by a saddle-point expansion about the average contour 〈r⊥,i(s)〉. We thus write
ρ
(1)
i [r˜⊥,i(s)] = 〈δ [r⊥,i(s)− r˜⊥,i(s)]〉 (3.49)
≈ eF ′i−H′i[h(s)], (3.50)
with an eective quadratic Hamiltonian H ′i of the type in Eq. (3.18), corresponding to a self-
consistently determined expansion coecient φi. Since we explicitly neglected the mutual
interactions among background polymers, this corresponds to manually reintroducing them
on the level of the self-consistent con nement potential, in analogy to Eq. (3.18) for the test
polymer uctuations. Now, Eq. (3.48) can in principle be used to calculate φ(s, s′). However, if
we are only interested in the arc-length average φ of Eq. (3.48) (cf. Sec. 3.2.2.3), we can invoke a
general property of the characteristic functional χij to replace the functional derivative by a
partial derivative. Since the information, whether two chain contours are consistent with the




Ri + uis+ r⊥,i(s),Rj + ujs+ r⊥,j(s)
]
. (3.51)
Using a functional Taylor expansion of the RHS of Eq. (3.51) in R(s) ≡ R about R(s) = 0,









While this equation could in principle be used to de ne a (unphysical) ui-component of∫
ds δχij/δr⊥,i(s), the physical quantities of interest evaluated in the following do not involve
such a derivative.
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e RHS is evaluated at the average contour r⊥(s) = 〈r⊥(s)〉. In principle, the latter 〈r⊥(s)〉 is
de ned via a minimization of the free energy F . However, here we approximate the preferred
contour by its straight ground state (as discussed above),
〈r(s)〉 = R+ us. (3.55)
Equations (3.53) and (3.54) constitute the  nal result of this section. ey express the con ne-
ment strength φ as a second derivative of a sum over coarse-grained eective pair potentials
Fσ0i .
3.2.3.2 Self-consistent solution
In this section, we calculate the con guration average φ of the con nement strength and infer
from it the self-consistent mean- eld tube radius R∞ as the solution of R = Rφ.
Using the de nition of the con guration average · · ·, Eq. (3.12), together with that of φ,










where we introduced the entanglement probability of two chains,
pσ0i ≡
∫
Dr⊥Dr⊥,i χ0ie−H−Hi , (3.57)
as the partition sum of the test chain and a background chain subject to the topological constraint
χ0i. It is interpreted as the entanglement probability of two (otherwise) unconstrained chains,
i.e. when they can freely interpenetrate the surrounding chains. is is a formal consequence
[via Eqs. (3.6), (3.34) and (3.35)] of the fact that the chain contours in thermal equilibrium
are given by those of free chains, and causes problems if the limit L → ∞ needs to be taken,
leading to the chains coiling up. us, for two free weakly-bending polymers, the entanglement
probability de ned in Eq. (3.57) is only meaningful for L `p. e thermodynamic limit can
be made well-de ned by (arti cially) restricting the transverse excursions of the unconstrained
polymers to those of con ned polymers with a self-consistently determined tube radius R. We
note that this technical simpli cation is on the same footing with the assumption of the straight
ground state made above, and should constitute a reasonable approximation on the local scale (of
approximately one entanglement length). Hence, we approximate the entanglement probability
pσ0i by that of two con ned chains, which leads to
pσ0i ≈
∫






With this prescription, the con guration average of φ only involves coarse-grained quantities
that depend on the topology σ and the tube coordinates, namely pσ and Fσ. ese quantities
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Figure 3.3: Overlap area (parallelogram) of two colliding tubes of length L, represented by their ground state
contours with orientations u, u′.












≡ pσ0i(x− xi), (3.61)
where erfc(x) is the complementary error function,
x− xi ≡ (R−Ri) · ex
(
ex ≡ ui × u|ui × u|
)
(3.62)
is the distance (of closest approach) between the two tubes, and R and Ri are their radii. From
Eq. (3.61) also the BCA potential for a polymer uctuating against a rigid test rod follows as
Fσ0i(x) ≡ Fσ0i [r⊥(s) = 0] (3.63)




Now we  rst consider tubes of  nite length L and calculate the average con nement strength
φ using Eq. (3.56). We then validate this procedure by con rming that φ does not depend on
the choice of L, and that in particular the limit L→∞ is well-de ned for V →∞, N →∞
with constant contour length concentration ρ ≡ cpL. We note that L also has the physical
interpretation of a coarse-graining length of the local con nement strengthφ(s) for an in nitely
long polymer. is is exploited for the discussion of tube width heterogeneities in Sec. 3.3, below.
A chain i is said to ‘collide’ or to ‘overlap’ with the test chain (both of length L), whenever
the projections of their straight ground-state contours R+ us and Ri + uis in the u-ui-plane
intersect. Only chains that ful ll this criterion con ne the test chain and hence contribute to Fσ.
Since the result in Eq. (3.64) holds for in nitely long polymers, we introduce the characteristic
function χ˜ij of the “overlap area” of two  nite polymers (for a graphical de nition, see Fig. 3.3),
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which indicates whether the collision criterion is met. is is the two-dimensional projection
of Onsager’s excluded volume of two rods of length L [165]. is function then multiplies the
BCA potential Fσ0i , such that φ0i is replaced by φ
L
0i, with
φL0i ≡ χ˜0iφ0i (3.65)
Now, we may calculate the integrals over the coordinates of the coarse-grained tubes in
Eq. (3.56). Integrating χ˜ over the y- & z-direction (perpendicular to ex) gives the overlap area,∫
dy dz χ˜0i = L























To obtain the self-consistent average tube radius in mean- eld, we assume that the radii of all
tubes are given by a common value
R = Ri ≡ R∞, (3.70)
such that all polymers surrounding the test chain are treated equally and we can replace the
summation (L/V )
∑
i . . . by a multiplication with the contour length density ρ. is approxi-







with the numerically determined constant α ≈ 0.784. Indeed, φ is independent of L, in
particular it exists in the combined (L → ∞)- and thermodynamic limit for ρ = const.
From Eq. (3.29), we obtain the corresponding average tube radius Rφ and a solution of the
self-consistency condition Rφ = R∞  nally yields
R∞ = (4α)−3/5ρ−3/5l−1/5p (3.73)
= 0.50 ρ−3/5l−1/5p . (BCA) (3.74)
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For the entanglement length Le, we similarly obtain using Eq. (3.32),
Le = 4
3/5α−2/5ρ−2/5l1/5p (3.75)
= 2.53 ρ−2/5l1/5p . (3.76)
We note that the prefactor in Eq. (3.74) is slightly smaller than the prefactor of 0.80 in Morse’s
original derivation [27], for two reasons. First, a calculation in Ref. [112] (supplement) shows
that already from the original calculation, a smaller value would have been expected. Second,
our derivation demonstrates that φ0i is given by the second derivative of the BCA potential Fσ0i
for a polymer uctuating against a rigid rod, as a consequence of the saddle-point approximation
about the straight ground state. is is in contrast to Ref. [27], where the potential F˜σ ≡ − ln pσ
of a pair of uctuating polymers was chosen instead. Since our estimate of the prefactor was
obtained within a formally consistent framework, we therefore expect that it should be more
reliable when assessing the quality of the BCA e.g. in simulations.
3.3 The segment uid
e conventional BCA as a mean- eld theory is exclusively concerned with average values R∞,
φ. e scaling of these values with concentration ρ has been con rmed experimentally [109,110],
whereas the prefactor depends on the precise control of the experimental conditions and is
usually treated as a  t factor. For a meaningful comparison of the theory to experimental data
and simulations, however, knowledge not only of the average value but also of the heterogeneities
of the tube radiusR(s) is desirable, since these can be quanti ed by a distribution function of the
tube radius, which allows for a more comprehensive comparison with experiments (cf. Sec. 3.4).
Within a re ned BCA or “segment uid approximation” we can calculate this distribution
function.
In Sec. 3.2.2.2 we introduced the con ning potential strength φ as the coarse-grained local
potential strength φ(s), averaged over the contour of the entire polymer, which we idealized
as being in nitely long. By de nition, uctuations of φ(s) along the contour are therefore
suppressed. To recover (relevant) uctuations we restrict the coarse-graining to a  nite length
scale L, in the following. Intuitively, one expects the appropriate value of L to be on the order
of the entanglement length Le, representing the average distance between contacts of the test
polymer with the tube wall. In App. 3.C we present a more formal argument, why Le indeed
represents the appropriate coarse-graining length, but for the time being, we stick with the yet
undetermined scale L. erefore, instead of φ we consider uctuations of the (less severely
coarse-grained) quantity φL introduced in Sec. 3.2.3.2.
We can thus picture the solution as an ensemble of N ′ + 1 independent segments of length
L, with individual values of the tube radius Ri and the stiness φi, while the contour length
density ρ (the amount of polymer material per unit volume) is required to stay unchanged. is
renormalization is called the “segment uid”. We note, however, that considering a single test
segment of  nite length L in a solution of in nitely long tubes would on the present level of
accuracy lead to the same results.
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3.3.1 Distribution Pφ of tube strengths
Using the formalism developed in Sec. 3.2.3 we calculate the distribution of the con nement
strength φL of a test segment. With the con guration average · · · it is given by
Pφ(φ) = δ(φ− φL), (3.77)




with a factor of 1/2 resulting from the two transverse directions. For an isotropic φL = φ˜L(1−
uu), clearly φL = φ˜L. In the general case, using the quantity de ned in Eq. (3.78) amounts to a
pre-averaging, i.e. to the convenient simplifying assumption that deviations from the isotropic
φL are negligible. e characteristic function of the distribution Pφ is then given by
P˜ (t) = eitφL . (3.79)
Using the decomposition of φL into binary contributions, Eq. (3.53), together with the de nition









F ′′σ0i(x− xi). (3.81)

































In Eq. (3.83) we again performed the substitution H → H ′ − F ′, which we motivated in





e−Fσ0i = 1, whereas for an overlapping pair χ˜0i = 1. Hence we write∑
σ0i
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As a technically important simpli cation, a common self-consistent tube radius Ri = R =
const. of the background polymers was introduced, such that the the above equation can be
written as a product of N ′ identical factors P˜01 = P˜02 = · · · = P˜0N ′ . e calculation of Pφ
involves an average over independent collisions with background segments of dierent tube
radii Ri. e above approximation therefore assumes a self-averaging over the values Ri via
these collisions, an assumption which should be well ful lled if the average number of collisions
per segment is not too low.
en, writing 1/V = cp/N ′ and using the identity limN ′→∞(1 + y/N ′)N






















dui |ui × u| = pi
4
. (3.90)
e RHS Eq. (3.89) still contains an average over the transverse uctuations r⊥(s) entering
the BCA potential Fσ01 [r⊥] in the exponent, representing a non-trivial functional integral. To
circumvent the diculty of calculating the latter, we consider a simpli ed version of this equation,
where the exponent is pre-averaged over this variable, using 〈e−Fσ〉 = pσ, i.e.














is approximation, which amounts to assuming independent collisions between the test tube
segment and the other segments, is “exact” within the BCA, since it is completely consistent
with the central approximation of the BCA, Eq. (3.43). e latter neglects terms of higher than
linear order in the density in the correlation functions. As is demonstrated in App. 3.B, the
approximation Eq. (3.91) amounts to neglecting those terms in the cumulants of φL.
We recognize Eq. (3.91) as the Holtzmark equation for the Fourier transform of the local
 eld distribution of uncorrelated particles [166]. By a numerical inverse Fourier transform, Pφ
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p R for reduced concentration ν = ρLR = 1.41 corresponding to L = Le (cf. Sec. 3.4):
inverse Fourier transform of the Holtzmark result, Eq. (3.91) (solid), analytical approximation using Eq. (3.92)
(dashed), Monte carlo sampling (dotted). Inset: Distribution Pφ of tube strengths, rescaled with φ for ν = 1.41,
according to the exact Holtzmark distribution, Eq. (3.91) (solid), Gamma approximation Eq. (3.92) (dashed) and
Gaussian approximation with mean and variance from Eqs. (3.72), (3.93) (dotted).
is obtained. is Pφ is turned into a distribution of the tube radius, de ned via P [Rφ]dR =
Pφ(φ)dφ, using Rφ from Eqs. (3.29). We note that this P (R) is not yet self-consistent, as it
depends on R = R via the BCA potential Eq. (3.61). Hence, we  rst evaluate it at a given value
of the average tube radius R. e proper self-consistent value of R is determined in Sec. 3.4.
Fig. 3.4 displays the numerically obtained distribution of the (non-dimensionalized) tube radius
(solid curves) for dierent reduced concentrations ν ≡ ρLR. At low segment concentrations
ν . 1, the distribution exhibits a broad tail for larger values of the tube radius R, and small
values of R are strongly suppressed. At higher segment concentrations ν, e.g. for large segment
length L, the peak width of P (R) narrows.
For the following it is desirable to have an analytically tractable expression for Pφ. erefore,
we approximate it by a mathematically simpler distribution. As it can be shown that the second
derivative of the BCA potential Fσ0i(x) is always non-negative, i.e. φL > 0, we choose a









and depends only on the two parameters k and θ. ese are  xed by requiring the  rst two
cumulants of Pφ and Γk,θ(φ) to match. e  rst cumulant c1,φ = φ has been calculated in
Eq. (3.72), and the second cumulant c2,φ = φ2 − φ2 is calculated from Eq. (3.89) in App. 3.B as
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We note that, as expected, the coecient of variation cv = (c2,φ)1/2 /c1,φ ∝ ν−1/2 vanishes
in the limit of an in nite coarse-graining length L, since ν ∝ L. is coecient measures
the relative magnitude of the heterogeneities in φ(s). For the Gamma distribution, mean and
variance are given by kθ and kθ2, respectively. Hence, we obtain for the eective parameters







e tube radius distribution P (R) obtained using Eq. (3.29) from the approximate distribution
of con nement strengths, Eq. (3.92),  nally reads
P (R) =
8







It is compared to the numerical result in Fig. 3.4 (dashed curves), and for reduced segment
concentrations ν & 1, the approximation is found to be excellent. Moreover, the Gamma
approximation is compared to a Gaussian approximation for Pφ in the inset of Fig. 3.4, and it is
found to more accurately reect the asymmetric shape of Pφ.
3.3.2 Monte-Carlo integration
e probability distribution Pφ of the con nement strength of the test polymer, for which the
characteristic function is given in Eq. (3.87), can be interpreted as a convolution of independently
and identically distributed pair contributions to the total φ. is suggests a reinterpretation
of the con guration average. In the BCA, it can also be understood as the average over the
con gurations of uncorrelated obstacle polymers, each of which is independently found in
either of two topological states σ0i = ± with respect to the test polymer. e probabilities of
these states are then given by p±(x). us the tube radius distribution can be sampled by a
simple Monte-Carlo scheme. Equilibrium con gurations are readily generated by drawing N
uncorrelated ground state contours Ri + uis from a uniform distribution, and the topology
σ0i from the probabilities p±. Using this method and treating φ =
∑
φ0i as an additive local
 eld that is attached to every “particle”, the distribution (or histogram) of tube strengths Pφ
is readily obtained. By calculating a histogram of R values from the individually measured
values of the tube stiness φ using Eq. (3.29), the distribution P (R) is obtained from this Monte
Carlo scheme and is found to precisely agree with the Holtzmark distribution from Eq. (3.91),
as demonstrated in Fig. 3.4 (dots). An equivalent, though computationally more expensive
alternative way consists in interpreting F˜σij ≡ − ln pσij as the pair potential of the segment uid
and simulating the corresponding Brownian dynamics equations of motion for this uid [112].
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Figure 3.5: Self-consistent tube radiusR as a function of the eective segment length.
3.4 Self-consistent tube radius distribution
In Sec. 3.3 we interpreted the coarse-graining length L of the con nement potential φL as an
average segment length. In this section, we identify these segments as “entanglement segments”.
Furthermore, we compute the self-consistent average tube radius R that enters the distribution
of the tube radius P (R) for the case of a  nite coarse-graining length L.
3.4.1 Choice of the segment length L
We have argued above that an in nite coarse-graining length L suppresses tube heterogeneities.
On the other hand, it is intuitively clear that a judicious coarse-graining does not do any harm,
since the tube is already a coarse-grained concept that becomes meaningless on very short scales,
anyway. is raises the question how to choose the coarse-graining scale L most appropriately.
Intuitively, one expects L to be de ned such that the number of segments matches the average
number of geometric collisions, or equivalently, that N ' ρLR ' 1, with the number N of
collisions per segment. us, as a rough estimate forLwe obtainL ' 1/ρR ' Le [cf. Eq. (3.76)].
In App. 3.C, a more precise argument is given to justify this choice of the coarse-graining length.
By setting L ≡ γLe ' R2/3l1/3p , with a yet undetermined constant γ of order unity, we
obtain the important result that the tube radius distribution becomes a scaling function, such
that RP (R) de nes a concentration-independent master function of R/R. is property has
been veri ed experimentally in Ref. [112]. In a comparison of Eq. (3.96) to experimental data
(Sec. 3.4.3 below), γ is treated as a  t parameter.
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3.4.2 Self-consistent P (R)













where in the last equation we de ned y = φ/φ as the rescaled argument of the distribution
Pφ of the con nement strength and used Rφ = y−3/8Rφ from Eq. (3.29). For Pφ, we use the













and Γ(x) being the Euler Gamma function. Now, from Eqs. (3.73) and (3.29) we have Rφ =
(R∞)5/8R
3/8. Hence, R is obtained as the solution of the implicit equation R = R∞f 8/5(k).
e numerical solution of this equation as a function of γ = L/Le for k = k(ν) [Eq. (3.94)] and
ν = ρLR = α−1(R/R∞)γ [cf. Eqs. (3.74) and (3.76)] is depicted in Fig. 3.5. As one property
of this solution, one easily con rms that limk→∞ f(k) = 1 and that the mean- eld tube radius




R = R∞. (3.102)
Also note that the expected correction resulting from the self-consistent calculation with a  nite
coarse-graining length L ' Le is merely on the order of 10%. We can therefore choose to
stick with the mean- eld tube radius as input for the tube radius distribution P (R) without
signi cant error. A more re ned self-consistent treatment of P (R) was described in Ref. [112].
3.4.3 Comparison to experiment
We compare the predictions to experimental data of entangled F-actin solutions reproduced
from Ref. [112]. In these experiments, typically 150 snapshots of a uctuating actin  lament in
a background solution were superimposed and give the average image of the tube, as depicted
in Fig. 3.6 a). e local tube radius R(s) was inferred as the standard deviation of Gaussians
 tted to the transverse intensity pro les of a recti ed tube image, as exempli ed in Fig. 3.6 b) &
c). e uctuations of the tube radius along single test  laments were binned to sample the tube
radius distribution P (R), which is shown in Fig. 3.7.
e values of γ = L/Le and of the mean- eld tube radius at c = 1 mg/ml are used as  t
parameters. As can be inferred from Fig. 3.7, with the values of the  t parameters given in the
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Figure 3.6: Superimposed confocal microscopy images of a uorescent actin  lament in a background solution
and a spline representing the tube backbone; scale bar: 5µm; b) recti ed image; c) tube radius pro leR(s)
determined as standard deviation from Gaussian  ts to the transverse intensity pro le. Adapted from Ref. [112].
Copyright ©2010 Americal Physical Society.
 gure caption, the quality of the  t is excellent. e peak position and the width, corresponding
to the most probable value and the uctuations of R, respectively, are seen to decrease with
increasing concentration. e strong suppression of small R and the pronounced non-Gaussian
tail of the experimentally determined P (R) for large arguments are accurately reected by the
theoretical prediction.
e mismatch at the lowest concentration c = 0.2 mg/ml might partly be due to the breakdown
of the assumption of strong entanglement, indicating that boundary eects for polymers of  nite
length should be considered. e latter could in principle be taken into account by introducing
an adjustable cut-o wavelength in the integral Eq. (3.28), for which, however, an a-priori
estimate turns out to be dicult and therefore is not attempted here.
We also note that the obtained value for the mean- eld tube radius at c = 1 mg/ml estimated
from our  t turns out to be roughly a factor of four larger than predicted from the molecular
weight and structure of monomeric actin, yielding R∞ = 0.03µm, using ρ = 39µm−2 for
c = 1 mg/ml [27]. Arguably, our idealization of the ground state (for T → 0) of the polymer
solution as an ideal gas of rigid rods could be responsible for a substantial part of this quantitative
error. In a more appropriate treatment of the ground state the tubes should be bent and somewhat
wider. In other words, the polymer uctuations would manage to occupy a larger volume fraction
at the expense of some bending energy stored in the ground state conformations. A similar
systematic error could have been incurred via the superposition approximation in Sec. 3.2.3
that reduced the complex many-body interactions to a tractable pair-problem by neglecting
mutual interactions between background polymers. To overcome this inherent de ciency of the
BCA, Morse proposed an eective medium approximation (EMA) as an alternative approach to
describe the entanglement of a sti polymer, which assumes that the polymer anely follows
the excitations of an eective elastic background [27]. While there is some experimental support
for the scaling predictions of the EMA [104], a systematic generalization of the EMA capable of
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Figure 3.7: Comparison of the tube radius distribution P (R) to experimental data for entangled F-actin
solutions, obtained by analysis of confocal uorescence microscopy images of individual tubes. Experimental
data from Ref. [112], including corrections for the optical line spread function, kindly provided by Inka Lauter.
Copyright ©2010 Americal Physical Society. Black solid curves: global  t of P (R) [Eq. (3.96)] with R∞ =
0.128µm at c = 1 mg/ml and L = 0.72Le. Shaded areas: experimentally determined P (R) for various
monomer concentrations c[mg/ml]. Because of the slightly dierent prefactor of the tube radius R∞ in
Sec. 3.2.3.2, we obtain renormalized values of the  t parameters, which dier marginally from those of Ref. [112].
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predicting the tube radius distribution has not been achieved. Lastly, the numerical discrepancy
could partly result from the inherent experimental limitations, in particular from a partial
shear-induced nematic ordering in the experimental setup leading to a tube dilation eect, as
already noted in Ref. [112] (see also the corresponding supplement for experimental details).
3.5 Conclusion
In this chapter, a comprehensive and systematic theoretical discussion of an entangled solu-
tion of sti polymers has been provided. Starting with general considerations concerning the
topologically allowed conformations in an entangled con guration, we outlined an alternative
derivation of the binary collision approximation originally introduced in Ref. [27], within a
consistent formal framework. ereby, this work hopefully contributes to a better understand-
ing of the nature of the binary collision approximation (BCA) and to further establish it as a
versatile systematic approach to the complicated many-body problem. Moreover, we have been
able to generalize it to a local theory of tube heterogeneities that are mapped onto a uid of
entanglement segments interacting via a topological pair potential. Within this formalism we
could deduce the tube radius distribution P (R). We also derived a simple closed formula for
P (R), which we found to be in good agreement with experimental data.
It is hoped that these results may  nd application in future experimental studies of inho-
mogeneities in sti polymer solutions and gels, e.g. in microrheology [167, 168], or in the
interpretation of simulation data [111]. Finally, it may be speculated that this approach can
further be generalized to calculate the the equilibrium tube curvatures [109], that were neglected
in the present development, but which are expected to play a crucial role for the nonlinear rhe-
ology [81, 113, 114]. It may thus serve as basis for an even more accurate systematic theoretical
description of entangled solutions in the future.
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Appendix
3.A Calculation of the BCA potential Fσ
We calculate the entanglement probability pσ of two con ned polymers and the eective pair
potential Fσ, de ned in Eqs. (3.59) and (3.45), respectively. First note that
pσ0i =
∫
Dr⊥Dr⊥,i χ0ie−H′+F ′−H′i+F ′i . (3.103)
We thus have to integrate over the topologically allowed con gurations r⊥(s) and r⊥,i(s′) of
two mutually uncrossable chains, each con ned by a harmonic potential.
In the following, we introduce an approximate topological invariantχij as a possible realization
of the binary topology σij . It is derived as follows. Since we assumed the polymers to be con ned
along an (in nitely long) axis, for every pair of polymers with corresponding ground state
contours parametrized by straight lines R + us and Ri + uis, there is at least one crossing
point. We de ne a crossing point as an intersection of the two chain contours in a projection,
i.e. we project the chains onto the plane spanned by the vectors u, ui, along the direction
ex normal to this plane. Here, ex ≡ (u × ui)/|u × ui| is the direction of closest approach
(of the lines). If there is only one crossing point in the u-ui-plane, the two chains can be
given a unique orientation (or topology). However the possible case of having more than one
crossing point renders this intuitive partitioning of the state space somewhat ambiguous. A strict
topological invariant, such as the linking number, would account for such situations rigorously,
but would lead to unnecessary mathematical complications [169]. We therefore implement the
following “approximate invariant”. For every pair of chains, the components x(s) ≡ exr⊥(s)
and xi(s′) ≡ exr⊥,i(s′) of the transverse uctuations of the chains along the direction of shortest
approach ex are evaluated at the coordinates s, s′ that are determined by the (unique) crossing
point of their straight ground states (corresponding to the points of closest approach). en, the
pair is assigned the topology σ = + if x(s) > xi(s′) (and vice-versa). is prescription should
yield a good approximation to a true topological invariant, since, for sti con ned polymers, the
points of closest approach on the two chain contours coincide with those of the tube backbones
in a typical con guration, and more complicated entanglements should be rare (unless the
con ning tubes are aligned nearly parallel).






dx˜ |u× ui| δ[r(s˜)− ri(˜˜s)− x˜ex].
(3.104)
is functional χ01 is normalized such that it equals one for a straight line r(s) = R + us
passing above a straight line ri(s) = Ri +uis, i.e. for x = (r− ri) · ex > 0, and zero otherwise.
We now con rm that this functional indeed yields an entanglement probability pσ0i that is
normalized with respect to the two possible topological states σ0i = ±.
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e eective Hamiltonian H ′ can be written in terms of r⊥(q) [Eq. (3.27)], and by completing
the square we obtain


















where we abbreviated A(q) ≡ lpq4 + φ(q) and de ned components of k transverse to u by
k⊥ ≡ (1 − uu)k. An equation analogous to Eq. (3.108) holds for r⊥(q) → r⊥,i(q), s˜ → ˜˜s,
A(q)→ Ai(q) and k⊥ → k⊥,i. Evidently, according to Eq. (3.29) we have∫
dq
2pi
A−1(q) = R2, (3.108)
and an analogous equation for Ai(q).
We may now carry out the functional integrals over r⊥(q) and r⊥,i(q) (aer a transformation
of the measure), to yield [using Eqs. (3.103), (3.104), (3.105), (3.108) and Eq. (3.108)]:












Here we used the fact that the functional integrals over r⊥(q) and r⊥,i(q) with the Hamiltonians
H ′ and H ′i are normalized by e−F
′ and e−F ′i , respectively. By writing
−ik (R+ us˜−Ri + ui ˜˜s− σx˜ex)
= −ik (1− exex)
(
R+ us˜−Ri − ui ˜˜s
)
+ikx (σx˜− x+ xi) , (3.110)
where kx ≡ exk denotes the x-component of k, the integrals over s˜ and ˜˜s in Eq. (3.109) are
now performed. It follows from elementary properties of the δ-function that∫
ds˜ d˜˜s e−ik(1−exex)(R+us˜−Ri−ui
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2pi (R2 +R2i )
,
(3.113)
and the  nal integral of this Gaussian over x˜ in Eq. (3.112) yields Eq. (3.61) in the main text. We
remark that if we set R = 0 in the above Eq. (3.109), this amounts to calculating the Boltzmann
factor exp(−Fσ0i) of the BCA potential for a straight rod, i.e. r⊥(s) = 0 [cf. Eq. (3.64) in the
main text]. Since [erfc(y) + erfc(−y)] /2 = 1, we easily see that the entanglement probability
pσ0i calculated in Eq. (3.61) is appropriately normalized.
3.B Variance of P (φ)
We calculate the variance φ2 − φ2 of the distribution P (φ) of the con nement strength. It is
given by the second cumulant c2,φ, de ned via the characteristic function P˜ (t) [Eq. (3.89)] as
c2,φ = −d









































〉− 〈e−Fσ01〉 〈e−Fσ02〉]}. (3.116)
e RHS contains terms that vanish upon performing the factorization (or pre-averaging)
approximation that led to Eq. (3.91). ese are precisely those terms which contribute to c2,φ to
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quadratic order in the density. Since we neglected similar terms in the derivation of the BCA
[Eq. (3.43)], we must neglect them also here. Within the BCA, Eq. (3.91) in the main text is an
exact result. e argument may be generalized to higher order cumulants [166].
If the remaining integral in the  rst term on the RHS of Eq. (3.116) is evaluated numerically,
one arrives at Eq. (3.93) of the main text.
3.C Choice of the coarse-graining length L
e coarse-graining or segment length L was assumed to be on the order of the entanglement
length Le in Sec. 3.4.1. By considering a polymer in a spatially varying tube potential φ(s), we
are able to identify L as the intrinsic coarse-graining scale of the tube radius R(s). In general,
an analytical expression is not available for R(s). Nevertheless, assuming a small perturbation
δφ(s) to the average (homogeneous) con nement strength φ calculated in Sec. 3.2.3.2, we can
in principle calculate R(s).
Hence we write φ(s) = φ+ δφ(s), with δφ(s) = 0. e corresponding uctuating tube radius
R(s) [cf. Eq. (3.22)] is formally obtained from a functional integral. e Hamiltonian of a
wormlike chain in spatially varying con nement potential of strength φ(s) is given by












As usual, the free energy is de ned as F = − lnZ . en the uctuating tube radius follows
as R(s) = δF/δφ(s). erefore, to obtain the tube radius R(s) we need to calculate the free
energy F = F [δφ(s)]. e free energy is obtained from the uctuation determinant D(s) of
the functional integral Eq. (3.118),
F = lnD(s) (3.119)
= ln
∣∣∣∣det [lp d4ds4 + φ+ δφ(s)
]∣∣∣∣ . (3.120)
In the case of a second-order derivative (instead of fourth-order), this would correspond to the
uctuation determinant of a quantum particle moving in a time-dependent harmonic potential,
for which D(s) is found to be the solution to a linear, homogeneous ordinary dierential
equation obtained by the Gelfand-Yaglom method [170]. Using a generalization of this method
to higher-order derivatives, the uctuation determinant can be constructed from solutions to
the following dierential equation
lpy
(4)(s) + φy(s) + δφ(s)y(s) = 0, (3.121)
with y(4) denoting a fourth derivative. If Eq. (3.121) is solved with suitable boundary conditions
[171,172] the uctuation determinantD(s) can be constructed from determinants involving only
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y(s) and its derivative. For our purpose, it is sucient to discuss the properties of Eq. (3.121),
without explicitly constructing a formal solution for D(s).
In the following, we employ a perturbation scheme to obtain a solution to Eq. (3.121) valid to
 rst order in a perturbation parameter , hence, we substitute δφ(s) → δφ(s) in Eq. (3.121).
We assume that the solution y(s) admits a perturbation expansion in ,
y(s) = y0(s) + y1(s) +O(2). (3.122)
Substituting this expansion into Eq. (3.121) yields the two dierential equations
O(0) : lpy(4)0 + φy0 = 0 (3.123)
O() : lpy(4)1 + φy1 = −y0δφ(s). (3.124)
A solution to the homogeneous, linear dierential Eq. (3.123) for given boundary conditions can







2s/Le [cf. Eq. (3.32)]. It is independent of the tube strength uctuations
of δφ(s), which only enter at higher order in . Now consider the inhomogeneous  rst-order
Eq. (3.124). If G(s) is the Green’s function of the homogeneous Eq. (3.123), then we obtain the




e Green’s function G is obtained as a solution of Eq. (3.123) with the RHS replaced by a








Up to an oscillatory factor, the integral in Eq. (3.126) is approximated by an exponentialG(s) ≈
R2 exp(−2|s|/Le), whereR is the tube radius of the homogeneous polymer. In the convolution
integral Eq. (3.125), this Green’s function therefore acts as a smoothing window of width Le, i.e.
as a low-pass  lter.
We have thus identi ed Le as the appropriate coarse-graining length, corresponding to the
expectation γ = 1 for the  t parameter used in the comparison to experimental data in the main
text. Fluctuations in φ(s) are intrinsically averaged over this length. Preliminary results indicate
that the magnitude of the uctuations δφ(s), if calculated within the framework of Sec. 3.2, is
indeed small enough for the above perturbation scheme to apply [173].
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